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ABSTRACT 


This  Handbook  of  Pats  Reduction  Methods  contains  susaaries 
of  reduction  progress  currently  used  by  Data  Reduction  Division. 
Generally  the  program  descriptions  consist  of  the  statement  of 
the  aatheaatical  probien  involved!  the  derivation  of  equations 
used  and  the  co3putstio$isl  procedure  employed. 
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A  HAND800K  OF  DATA  REDUCTION  METHODS 


Introduction 


This  Handbook  has  been  designed  to  provide  in  a  single  source  £*-«marias 
of  the  data  reduction  methods  and  programs  currently  used  by  the  Data  Reduction 
Division.  Many  of  the  techi.iques  outlined  in  this  Handbook  are  original  develop¬ 
ments  of  the  authors.  The  basis  for  the  other  methods  described  were  obtained 
from  previously  published  technical  reports  and  papers  of  individuals  in  the 
Data  Reduction  Division. 

Particular  carr  has  been  taken  to  insure  that  each  of  the  sections  of  this 
Handbook  can  be  viewed  independently,  as  the  "Program  Requirements  Document" 
for  a  particular  reduction.  Tn  all  cases  possible  the  basic  relationships  among 
the  physical  principles  involved  have  been  used  to  show  the  detailed  derivation 
of  the  equations  programmed.  In  general,  each  section  contains  a  description  of 
the  mearurement  process  or  mathematical  problem  involved,  tho  derivation  of  the 
equations  for  the  program,  and  a  computational  procedure  to  be  followed.  Refer¬ 
ences  are  given  for  each  section  where  available. 

The  authors  wish  to  acknowledge  especially  the  outstanding  contribution 
of  Mr.  R.A.  Montes,  of  DRD-T,  without  whose  assistance  this  report  would  have 
been  impossible. 
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INTRODUCTION : 


Cinetheodolites  are  angle-measuring  instruments  used  "a  determine  the 
trajectories  of  rapidly  moving  aerial  targets.  Two  or  more  theodolites 
placed  at  known  distances  from  each  other  measure  and  record  on  film 
azimuth  and  elevation  angles  to  the  target.  Since  the  distances  between 
the  theodolites  (base  lengths)  and  the  angular  measurements  are  known,  the 
positions  of  the  target  in  space  can  be  computed. 

The  existing  WSMR  cinetheodolite  system  is  composed  mainly  of  two 
types  of  cameras,  the  standard  Askania  and  the  Contraves,  which  are  located 
throughout  the  range  to  provide  complete  instrumentation  coverage.  The 
computational  procedure  is  essentially  the  same  for  both  types  of  theodolites. 

In  operation,  the  theodolites  are  continuously  sighted  on  the  target 
and  photographs  are  taken  of  the  target  and  two  graduated  circles  (azimuth 
and  elevation  dials)  at  regular  or  irregular  time  intervals.  To  insure 
that  these  photographs  are  taken  simultaneously  at  each  measuring  station, 
the  shutters  of  the  cameras  are  opened  by  electrical  pulses  from  a  central 
timing  station. 

Figure  1  illustrates  the  angles  measured  by  two  theodolites.  The 
location  of  these  theodolites  depends  on  the  type  of  terrain  and  on  the 
flight  or  firing  direction.  The  distance  between  any  two  stations  should 
be  a  maximum  of  one-third  and  a  minimum  of  one-fifth  of  the  expected 
average  distance  between  the  camera  and  the  target. 

Figure  2  shows  a  film  frame  of  a  missile  which  was  measured  with 
Askania  cinetheodolites.  Figure  3  shows  a  fil«  frame  of  an  aircraft 
measured  with  Contraves  theodolites. 
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Fig.  1.  Theodolite  Geometry 
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Film  Frame  of  Missile  Mea.~ 
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lm  Frame  of  Aircraft  Measured  with  Contraves  Theodolites 


Description  of  the  Askania  Theodoli te 


The  Askania  theodolite  is  constructed  about  a  rectangular  axis  system, 
illustrated  in  Figure  4,  which  consists  of  the  vertical  main  axis,  (19), 
the  horizontal  auxiliary  axis  (89),  and  the  sighting  axis  (99)  which  is 
at  right  angles  to  the  auxiliary  axis.  The  three  main  parts  of  the 
cinetheodolite  are: 

1.  The  rigid  base.  Fig.  5(14). 

2.  The  U-shaped  camera  trunnion.  Fig.  5(46),  which  turns  abcut 
the  vertical  main  axis. 

3.  Th»  camera,  which  can  be  tilted  through  the  horizontal 
auxiliary  axis,  with  objective  lens,  Fi;,.  4(105)  and  sighting  telescopes. 
Fig.  4(70,71). 

The  theodolite  is  secured  to  the  br.se  plate  by  three  foot-screws 
and  holding  clamps.  The  camera  trunnion,  which  includes  two  levels  at 
right  angles  to  each  other,  Fig.  5(44),  xs  leveled  with  the  horizontal 
axis  by  means  of  these  foot-screws. 

The  trunnion  a.  so  contains  tho  operators'  eyepieces  for  the  tracking 
telescopes.  Fig.  4(49),  and  the  necessary  optics  for  projection  of  the  angle 
data  £*x)o  the  graduated  circles  onto  the  film. 


Sighting  the  Theodolite 


On  opposite  sides  of  the  camera  carrier,  hand  wheels.  Fig.  5(37,38) 
are  provided  so  the  camera  can  be  turned  by  w«rm  gears.  Fig.  6(58),  and 
worm  wheels  around  the  vertical  main  axis,  or  tilted  about  the  horizontal 
auxiliary  axis.  The  hand  wheels  have  a  two-speed  transmission,  coarse 
(three  degrees  per  revolution)  and  fine  (one  degree  per  revolution) . 

The  switching  from  one  to  the  other  is  done  by  pushing  or  pulling  the 
hand  wheels  in  the  direction  of  the  axis.  To  set  the  camera  quickly,  the 
worms  can  be  released  so  the  camera  is  freely  sighted  toward  the  target. 

The  iateral  worm  drive  is  released  by  turning  the  knob.  Fig.  6(28),  counter¬ 
clockwise,  whereas  the  vertical  drive  is  released  by  turning  the  lever,'1'. 

Fig.  6(59).  to  the  right. 


Graduated.  Circles 


The  theodolite  is  provided  with  two  glass  circles,  which  center  with 
the  main  axis  or  the  auxiliary  axis,  respectively.  The  azimuth  circle. 
Fig.  4(3'),  is  graduated  every  .5*  and  numbered  clockwise  from  0*  to  360*. 
It  may  be  t'anually  zaroed  by  the  field  operator.  The  elevation  circle. 
Fig.  4(50),  is  graduated  from  0*  to  180*  and  calibrated  for  an  additional 
graduation  of  approximately  10*  in  both  directions.  The  vertical  motion 
gears  disconnect  at  a  depression  angle  of  6°,  which  limits  elevation 
traverse. 


Reading  Microscope  and  Photo  Recordings 


Optical  systems,  figs.  4(32,51),  located  inside  the  camera  carrier, 
in  the  hollow  auxiliary  axis,  and  in  the  camera  itself,  are  used  to  read 
the  glass  circles  and  film  recordings.  The  otched  scale  divisions  on  the 
glass  circles  are  first  projected  on  a  scale  plate  and  then  transmitted  by 
various  prisms  to  the  aperture  plate.  Microscopes,  Fig.  4(49),  switched 
into  the  optical  ray  path  by  a  push  button,  are  used  in  reading  the  gradu¬ 
ated  circles  which  are  calibrated  tf  0.01°  so  that  0.001*  can  be  estimated. 


This  dial  reads  16.528.  If  the 
number  16  were  in  the  upper  left 
hand  comer  the  di'il  would  read 
16.028. 


Fig.  7.  Askania  Dial  Reading  (Style  A j 


New  Askania  cameras  show  whole  degree  values.  In  addition,  each 
degree  is  coded  at  the  bottom  of  the  dial. 


i  i  200 

mi  30 


>  ■  232/2  -  116, 

2  I  th®  whole  degree 


Fig.  8.  Askania  Dial  Reading  (Style  B) 


The  fraction  of  the  degree  would  be  O.J25*.  Since  the  distance,  b, 

represents  one-half  degree  —— —  represents  a  decimal  portion  of  that  half 

degree.  Therefore,  the  angle  is  116.125°.  Had  the  whole  number  116  been 
in  the  lower  half  of  the  dial,  the  actual  angle  would  be  116, S°  plus  the 


fraction 


or  116. 62S* . 


i 
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Camera 


The  camera  consists  of  or.e  object  lens.  Fig.  4(105),  with  aperture 
plate,  camera  housing,  shutter,  the  camera  mechanism,  motor,  and  film 
transport  gears. 


Sighting  Telescop?.? 

Each  side  of  the  camera  has  a  sighting  telescope.  Fig.  4(70,71). 
These  are  inserted  in  guiding  grooves  and  fastened  by  clamp  screws. 
Fig.  5(87).  The  operators  position  the  camera  oi.  target  by  turning  the 
hand  wheels  until  the  target  is  centered  in  the  field  of  view  o'  the 
telescopes. 


Frame  Counters 


Two  counters  are  built  into  the  camera:  one  for  the  consecutive 
numbering  of  the  frame,  the  number  being  projected  on  the  frame,  and  the 
other  indicating  the  amount  of  exposed  film.  Both  counters  can  be  read 
from  outside  the  camera  when  it  .is  open. 

Before  operations  the  frame  counters  of  all  the  theodolites  may  be 
set  to  zero  to  facilitate  comparisons  of  corresponding  frames.  The 
number  shown  in  the  window  is  always  one  unit  smaller  than  the  projected 
number  on  the  film.  If  the  frame  series  is  to  begin  with  000,  the  counter 
should  be  set  to  9S9. 


Technical  Data  for  Askania 

Objective  Lenses: 

Focus  of 

30  cm 

60  cm 

100  cm 

Aperture 

1:4.5 

1:4.5 

1:6.3 

Field  of  view 

4036'x6056, 

2°18,x3*28* 

l*23'x2*l 

Frame  size 

4 

24x36  mm 

24x36  am 

24x36  am 

Diaphram 

1:42 

1:42 

1 : 8  and  ; 

Sighting  Telescopes: 

Magnification 

lOx 

12x 

2  Ox 

Field  of  view 

oo 

o 

yO 

S°25' 

3*13* 

Free  aperture 

60  mu 

60  mm 

80  mm 
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Graduated  Circles: 


Graduated  from  one- hundredth  degree.  Each  degree  and  each  one- 
half  degree  is  numbered. 

Azimuth  0-360* 

Elevation  0-180*  with  additional  graduation  of  10* 

in  both  directions. 


Reading  Microscopes: 

Fine  Reading  through  100  division  scale  to  1/1000  degree. 


Magnification 


35x 


Venetian  Blind  Shutter  Exposure  about  1/150  second. 
Maximum  Frame  speed  S  frames  per  second. 

Magazine  capacity  To  165  feet  standard  film. 


Description  of  Contraves  Theodolite _ 

The  Contraves  photo-theodolite.  Fig.  41,  4s  an  instrument  which  when 
directed  at  stationary  and  moving  targets  records  their  positions  in  angle 
values  at  accurately  determined  time  intervals.  At  each  of  these  intervals 
the  target  is  photographed  and  on  each  of  these  photographs  tha  position  is 
indicated  with  respect  to  cross  hairs,  azimuth,  elevation  AJid  time.  A 
theodolite  measuring  system  is  comprised  of  at  least  two  theodolites.  To 
correct  the  measured  data  for  instrument  errors,  each  theodolite  is  provided 
with  an  array  of  fixed  target  boards.  The  positions  of  the  target  boards 
are  determined  in  the  WSC5  coordinate  system  with  high  accuracy  by  the 
fundamental  survey  of  the  installation. 
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Fig.  11.  Contraves  Phototheodolit 


Description  of  Figure  12 


1.  Optics  housing 

2.  Main  telescope 

3.  Tracking  telescope 

4.  Elevation  drive  shaft 

5.  Tracking  telescope  objective-12,  4  power 

6.  Tracking  telescope  objective- 2  power 

7.  Prism  for  magnification  selection 

8.  Eye  piece 

9.  Sun  shield 

10.  Color  filter  turret 

11.  Azimuth  bearing 

12.  Image  plane 

13.  Flash  lamp 

14.  Light  path  for  cross  hair  projection 

15.  Light  path  for  azimuth  scale  projection 

16.  Light  path  for  elevation  scale  projection 

17.  Light  path  for  frame  count  projection 

18.  Glass  disc  with  azimuth  scale  engraving 

19.  Glass  disc  with  elevation  scale  engraving 

20.  Frame  counter 

21.  Synchronized  camera-35  am 

22.  Spur  gear  for  elovation  drive 

23.  Spur  gear  for  azimuth  scale  setting 

24.  Cross  hair  illumination  bulb 

25.  Reading  microscope 
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Optical  System 

The  optical  system  of  the  theodolite,  Fig,  12,  is  comprised  of  three 
sections:  the  angle  measuring  equipment,  the  photographic  optical  equipment 
and  the  sighting  equipment.  The  angle  measuring  equipment  consists  of  two 
double  graduated  circles  which  are  used  to  reproduce  on  film  the  angular 
position  of  the  main  telescope.  The  circle  graduations  are  projected  into 
the  camera  by  an  optical  system  using  prisms  for  deflection  and  a  flash 
lamp  as  the  source  of  illumination.  The  photographic  optical  equipment 
consists  of  the  main  telescope,  an  iris,  filters,  focusing  mechanism, 
cross. hairs  and  camera.  The  main  telescope  is  a  folded  optical  system  with 
a  focal  length  of  1.5  meters  and  an  aperture  of  f  1:8.  The  sighting  equip¬ 
ment  consists  of  two  tracking  telescopes,  one  for  elevation  and  one  for 
azimuth.  They  are  provided  with  a  change-over  prism  for  changing  magnifi¬ 
cation  from  2X  for  searching  to  12.4X  for  tracking. 

The  camera  takes  pictures  through  the  main  telescope  at  the  rate  of 
either  five,  ten,  twenty,  or  thirty  frames  per  second.  Standard  35mm 
motion  picture  film  is  used  with  a  register  pin  movement.  The  picture. 

Fig,  3.,  is  0.0°  x  0.5°  located  in  the  upper  three  quarters  of  a  standard 
35mm  single  frame  picture.  Azinuth,  elevation  and  frame  number  dials  are 
simultaneously  photographed  across  the  bottom  of  the  35mm  frame.  Two 
perpendicular  cross  hairs  are  located  in  the  center  of  the  picture  on  the 
optical  axis  of  the  main  telescope.  These  are  used  as  reference  marks  to 
determine  tracking  corrections  between  the  image  of  the  target  and  the 
optical  axis  of  the  telescope  as  indicated  by  the  cress  hairs  and  the  azimuth 
and  elevation  dials. 

Time  Recording  System 

The  lime  recording  system  consists  of  a  flash  lamp  combined  with  a 
frame  counter.  Very  accurate  timing  pulses  are  used  to  trigger  the  flash. 

The  same  pulses  are  used  to  operate  the  electro-mechanical  frame  counter, 
serving  actually  as  a  counter  of  the  received  timing  pulses.  The  flash 
illuminated  frame  counter  scale  is  projected  via  its  own  set  of  deflecting 
prisms  and  lenses  into  the  camera.  A  microscope  enables  the  operator  to 
read  the  two-  double-circles  and  the  frame  counter. 

One  Man  Tracking 

The  tracking  system  has  been  developed  to  provide  for  '--r>e  mar. 
operation.  The  conventional  two  man  handwheel  operation  is  replaced  with 
a  joy-stick.  Through  careful  proportioning  of  the  controlled  position- 
velocity-acceleration  drive,  good  control  response  characteristics  are 
achieved. 
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Reading  Microscope  and  Photo  Recordings 


Readings  of  the  azimuth  and  elevation  are  presented  on  the  film  from 
graduated  circles.  The  scale  is  read  in  two  steps:  First,  the  main  scale 
is  read  with  respect  to  the  pointer  (coarse  index)  to  the  nearest  0.1 
degree  which  is  represented  by  the  numerals  and  larger  graduations  of 
the  main  scale,  (Fig.  13),  Second,  the  fine  index  position  is  read  to 
provide  0.01  degree  directly  and  0.001  degree  by  interpolation.  This  is 
done  by  starting  the  fine  index  reading  under  a  large  main  scale  gradua¬ 
tion  which  is  numbered,  and  reading  with  respect  to  the  main  scale 
graduations.  Although  it  appears  the  scale  can  be  read  at  any  of  five 
positions,  the  recommended  position  is  the  one  in  the  center  of  the  field 
to  minimize,  to  a  negligible  amount,  any  distortional  effects  of  the  data 
optical  system. 

The  small  graduations  of  the  main  scale  represent  0.02  degrees  when 
reading  only  the  main  scale  with  reference  to  the  fixed  pointer,  but 
these  same  small  graduations  represent  0.01  degree  when  reading  with 
respect  to  the  oppositely  moving  fine  index  scale. 


This  dial  reads 
282.449  degrees 


Fig.  13.  Contraves  Dial  Reading 
Reticle  Pattern  on  the  Film 


The  reticle,  two  orthogonal  lines,  rotates  in  elevation.  The  two 
short  perpendicular  marks  on  the  same  reticle  line  are  calibration  marks 
which  are  a  reference  for  film  shrinkage  computation.  It  is  possible  to 
read  tracking  corrections  using  the  reticle  but  with  existing  equipment 
at  WSMR  it  is  too  time  consuming.  If  the  reticle  is  used  to  measure  the 
tracking  corrections,  the  reticle  with  the  two  short  perpendicular  marks 
is  the  line  along  which  the  azimuth  tracking  error  is  read,  additive  error 
to  the  left  of  the  elevation,  subtractive  to  the  right.  The  third  short 
perpendicular  mark  indicates  the  line  along  which  the  positive  elevation 
tracking  error  is  read. 
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Technical  Data  for  Contraves 


Objective  Lenses: 
Focal  Length 
Aperture 

Relative  aperture 
Iris  Diaphragm 
Frame  size 

Sighting  Telescopes: 
Magnification 

Field  of  View 

Operating  Range 

Elevation 

Azimuth 

Camera  Frame  R*te 


1500  am  *5%  (60  in) 

190  nrn  (7.5  in) 

1:8 

1:8  to  1:22 

24  x  IS  mm,  0.8°  x  0.5° 


2  and  12.4  power 
4  and  20  power  optional 
25.5°  and  5.5* 

12.5*  and  2.5*  with  option 


-5*  to  +18S* 

0  to  360® 

5,  10,  20  and  30  frames  per  second 


FILr/  FADING  EQUIPMENT 

TELEREADEX  -  TYPE  29-A  (FRONT  PROJECTION  TELEREADER) 


The  Telereadex  (see  figures  and  15)  is  a  front-projection  film 
reader  incorporating  positive  pin  registration  and  automatic  frame  advance. 
The  image  is  projected  by  a  750-watt  lamp  through  a  lens  directed  upward 
where  it  is  reflected  by  a  silver  surfaced  minor  onto  a  flat  white  surface 
to  give  maximum  resolution.  "X"  and  "Y"  boresight  measurements  are  made 
using  movable  cross  hairs  which  traverse  the  entire  surface.  Associated 
r  ecor ding  equipment  includes  the  Telecordex  Linear  Calibrator,  either 
the  IBM  517  or  523  Summary  Punch,  and  an  automatic  typewriter. 

The  machine  can  take  either  standard  double  frame  or  high  speed 
single  frame  Askania  or  Contraves  Film,  or  16mm  and  35mm  radar  boresight 
film.  The  majority  of  radar  boresight  and  high  speed  Askania  films  use 
the  pin  registration;  the  stardard  Askania  does  not.  There  are  16mm,  35mm 
and  70mm  mechanisms  available.  The  film  may  be  advanced  1  to  12  single 
frames  or  1  to  6  Askania  frames. 

• 

The  lens  systdin  ot  the  Telereadex  consists  of  5,  10  and  20  power 
magnifications  with  40  power  available 5f  needed.  > 

The  accuracy  of  the  machine  varies  with  the  steadiness  of  the  initial 
tracking,  pin  registration,  and  film  quality.  Accurate  measurements  can 
be  made  at  speeds  of  7.2  seconds  per  frame  on  standard  Askania;  2.2  seconds 
per  frame  on  high  speed  Askania  and  pin  registered  16mra  radar  boresight. 

Pin  registration  is  accurate  to  .003  inch.  Least  count  is  *110  microns 
at  the  measuring  surface. 


DIAL  READERS 


The  Coleman  Dial  Reader  (see  Figs.  16  and  17)  is  an  electro-mechanical 
apparatus  for  reading  dials  on  either  standard  or  high  speed  Askania 
35mm  film.  The  projector  lens,  film,  and  film  movement  mechanism  are  all 
attached  to  a  movable  carr  age  which  may  be  shifted  by  means  of  a  side- 
mounted  lever,  or  rotated  by  a  worm  ^ear,  to  position  the  image  on  the 
frosted  glass  surface  for  viewing. 

The  film  may  be  advf  iced  manually  or  automatically  by  a  selector 
switch  on  the  front  panel.  At  the  discretion  of  the  operator  it  may  be 
advanced  ono  through  twelve  frames,  or  continuously.  Film  may  be  run 
forward  or  backward  with  the  frame  count  adding  or  subtracting,  depending 
on  the  direction  of  film  travel. 

T/o  vertical  wires  are  positioned  iust  behind  the  viewing  plate  for 
measurement  of  either  azimuth  or  elevation,  with  separate  runs  for  each 
measurement.  The  two  wires  are  so  coupled  that  one  wire  is  used  to  set 
zero  or,  the  viewing  surface,  and  the  other  wire,  which  is  coupled  to  a 
digitizing  unit  for  the  memory  relays,  is  moved  to  make  the  measurement. 
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Fig.  14.  FRONT  PROJECTOR  AND  AUXILIARY  EQUIPMENT 

1.  Telereader,  Type  29A  (Front  Projector)  3.  Telecordex 

2.  Reflecting  Mirror  4.  IBM  Card  Punch 
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Headings  may  be  made  at  the  rate  of  approximately  three  hundred  per 
hour  with  high  speed  Askania,  or  two  hundred  per  hour  with  standard  Askania 
with  the  digitizing  vernier  of  one  part  in  one  thousand.  The  whole  degree 
readings  are  punched  in  a  keyboard  and  the  *-i80°  and  +.5°  indicator  switches 
set.  These  data  are  read  out  into  an  IBM  517  or  523  Summary  Punch  furnishing 
azimuth  or  elevation  readings,  frame  count,  the  whole  degrees,  and  switch 
settings  on  punched  cards. 

The  Cqleman  dial  reader  has  been  modified  to  read  Contraves  dials. 

The  Parabam  and  Corvus  dial  readers  are  essentially  the  same  as  the 
Coleman.  The  Parabam  dial  reader  utilizes  35mm  or  70mm  film.  Contraves 
film  can  not  be  read  on  the  Parabam.  The  Corvus  dial  reader  is  adaptable 
to  either  Contraves  or  Askania  film. 


ASKANIA  VIEWER 


Th?  Askania  Viewer  is  a  portable  manually  operated  device  for  viewing 
and  measuring  boresighi  data  recorded  on  35mm  film.  With  the  aid  of  two 
cross  hairs  and  the  calibrated  degrees  and  minutes  marks  around  the  upper 
edge  of  the  plate,  it  is  possible  to  read  angular  measurements.  The 
cross  hairs  are  marked  in  degrees  and  minutes,  both  vertically  agd  horizontally, 
so  that  it  is  possible  to  read  tracking  corrections  directly  from  Askania 
film.  The  azimuth  and  elevation  dials  may  also  be  read  with  the  Askania 
viewer,  making  it  possible  to  obtain  all  the  required  information  to  compute 
space  positions  from  the  one  machine. 

The  viewer  requires  only  12  by  18  inches  of  space;  however,  it  is 
usually  mounted  between  two  large  hand  cranked  reels  on  an  18  by  42  inch 
table  to  make  transportation  of  the  film  easier.  Operated  in  this  manner, 
the  machine  has  a  capacity  of  800  feet  of  35mm  film.  The  film  transport 
on  the  viewer  itself  is  limited  to  a  total  capacity  of  100  feet  of,  film. 

The  film  is  wound  from  one  to  the  other  of  the  two  hand-operated  reels, 
passing  over  a  diffused  light  and  being  viewed  through  the  machine  during 
this  process.  The  diffused  light  is  furnished  by  a  25-watt  frosted  bulb 
located  in  a  metal  cylinder  in  fronfof  the  machine.  The  light  is  reflected 
from  a  diffusion  plate  through  the  film.  Two  operators,  one  reading  and 
one  recording,  can  read  and  recc'd  40  to  50  frames  of  Askania  film  per  hour. 

This  includes  the  reading  of  azimuth  dials,  elevation  dials,  X  and  Y  dis¬ 
placement  readings,  allows  time  to  change  film  rolls,  and  mark  frames  to 
be  read.  The  viewer  is  calibrated  to  read  directly  from  film  taken  by  60  cm 
optics. 


ASSESSING  AND  READING  FILM 


The  purpose  of  reading  film  is  to  determine  the  location  of  the  target 
or  missile  with  respect  to  the  center  of  the  frame.  The  Telereadex  (Front 
Projector)  is  the  machine  primarily  used  for  these  measurements.  When  read¬ 
ing  Contraves  film  the  head  of  the  reader  must  be  rotated  90  degrees  so  that 
the  fiim  X  and  Y  axes  coincide  with  the  reading  machines'  X  and  Y  cross  hairs. 
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Assessing  Film 

The  following  information  appears  on  the  films: 

1.  Timing 

2.  Direct  and  Indirect  orientation  targets  (6-8  each) 

3.  Missile  images 

4.  Azimuth  and  elevation  dials 


The  film  is  assessed  fo*’  the  following  factors: 

1.  Quality,  density  and  contrast  of  film  in  general 

2.  Definition  of  targets  and  missile  images 

3.  Definition  of  fiducial  points 

4.  Definition  of  azimuth  and  elevation  dials 

5.  Definition  of  frame  counters 

6.  Definition  of  time  code 

7.  Consistency  of  missile  remaining  in  each  frame  through  the 
complete  run. 


The  following  additional  information  is  noted  during  assessment  as 
an  aid  to  the  reader: 

1.  Frame  number  of  zero  vime  for  each  camera 

2.  Number  of  readable  frames 

3.  The  numbers  of  the  first  and  last  frames  containing  readable 
images. 


READING  ORIENTATION  TARGETS 

There  is  a  maximum  of  eight  direct  and  eight  indirect  targets.  Six 
to  twelve  frames  are  taken  of  each  target  (direct  and  indirect).  The 
machine  operator  runs  the  film  to  the  first  target  and  selects  the  best 
target  image  for  reading.  The  machine  is  then  zeroed  by  moving  the  cross 
hairs  until  they  coincide  with  the  fiducial  marks  on  the  Askania  or  the 
intersection  of  the  orthogonal  lines  on  the  Contraves  film.  The  operator 
then  clears  the  Telereadex  and  moves  the  cross  hairs  to  the  center  of  the 
target  image.  The  displacement  (x,  y)  of  the  target  image  from  the  center  of 
the  frame  is  punched  on  cards  by  the  IBM  card  punch.  The  operator  then 
selects  the  best  image  of  the  second  target,  zeroes  the  machine,  and  reads 
the  displacement  of  that  image.  This  is  done  for  each  of  the  targets. 
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After  all  the  targets  (direct  and  indirect)  have  been  read,  the  film 
is  run  to  the  first  readable  missile  image  marked  by  assessments.  The 
above  procedure  is  followed  for  reading  missile  images.  Each  frame  is 
zeroed,  read,  and  punched  on  cards  as  requested  by  the  projects. 


DIAL  READINGS  FOR  3SMM  FILM 


The  boresight  readings  give  the  image  location  (target  or  missile)  with 
respect  to  the  center  of  the  frame ,  The  dial  readings  give  the  angular 
position  of  the  optical  axis,  which  goes  through  the  center  of  the  frame. 
This  brings  the  internal  system  of  the  camera  into  alignment  with  the  ex¬ 
ternal  system  of  the  range.  The  film  should  be  run  to  the  first  target 
image  recorded,  the  azimuth  dial  read,  and  the  information  punched  on  the 
card.  The  azimuth  dial  is  read  for  every  frame  which  was  measured  in  the 
orientation  and  boresight  corrections.  After  the  azimuth  dial  corresponding 
to  the  last  missile  image  is  read  and  recorded,  the  operator  returns  to  the 
first  target  and  repeats  this  procedure,  reading  the  elevation  dials. 

To  summarize,  three  sets  of  cards  are  punched:  One  set  with  the 
orientation  targets  and  missile  displacements,  one  set  with  the  azimuth  dial 
readings,  and  the  third  set  with  the  elevation  dial  readings.  These  three 
sets  of  cards  are  combined  and  fed  to  the  IBM  7094  for  computing  corrected 
angles  and  trajectory  data. 


TIMING  ON  ASKANIA  FILM 


A  binary  coded  decimal  timing  is  used  on  the  Askania  film.  While  the 
film  moves  frcm  left  to  right,  the  code  is  read  from  right  to  left.  The 
code  is  always  at  the  bottom  of  the  film  and  recycles  every  ten  minutes. 
Zero  time  is  indicated  by  three  reference  marks  with  no  coding  indicated. 
There  are  also  reference  marks  between  decimal  digits.  The  code  from  9 
minutes,  51  seconds  through  ten  minutes  as  it  is  seen  on  the  film  is  shown 
ir.  Fig.  18. 
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Timing  on  Contraves  Film 


IRIG  Standard  Timing  (Format  B)  is  used  on  the  Contraves  fiifc. 

Format  B  is  basically  a  pulse-width  code  in  which  the  time  is  expressed 
twice  in  each  time  frame.  (Figure  19a) 

The  first  code  word  is  time-of-year  expressed  as  binary  ceded  deeiaal . 
The  second  word  is  time-of-day  expressed  in  straight  binary  notation,  as 
seconds  only. 

Outline  of  Format  B 

1.  Tine:  Universal  Time  (UT-2) 

2.  Tine  Frame:  1.0  seconds 

3.  Code  Digit  Weighting  options:  BCD,  SB  or  both 

a.  Binary  Coded  Decimal  tiae-of-year  code  word 

(1)  Seconds,  minutes,  hours  and  days 

(2)  Recycles  yearly 

b.  Straight  binary  time  of  day  code  word 

(1)  Seconds  only 

(2)  Recycles  each  24  hours 

A  timing  index  is  used  on  the  Contraves  film.  It  is  found  at  the 
beginning  of  the  film.  It  is  measured  as  follows: 


Fig.  19.  Timing  Index  on  Contraves  Fila 

The  distance  A8  is  measured  as  shown  in  Figure  19.  When  reading  the 
time  of  -the  first  frame  the  true  tiae  of  that  frame  is  located  a  distance 
AB  from  the  time  actually  shown  for  the  frame.  The  difference  between  these 
two  times  is  the  correction  to  be  applied  to  all  succeeding  fr awes. 
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FORMAT-B 


64,025  SEC 


THE  CINETHEODOLITE  REDUCTION 


The  data  obtained  from  each  cinetheodolite  consists  of  an  azimuth 
and  an  elevation  angle  to  the  missile  from  the  cinetheodolite.  The 
azimuth  angle  (a)  is  defined  as  the  angle  (measured  clockwise  from  north) 
of  the  projection  of  the  missile  on  the  horizontal  plane.  The  elevation 
angle  (e)  is  defined  as  the  angle  between  the  line  of  sight  to  the  missile 
and  the  horizontal  plane  (See  Fig.  20). 


Fig.  20.  Cinetheodolite  Angles 


These  measured  angles  contain  errors,  some  of  which  are  known  and 
some  of  which  are  indeterminate.  The  known  errors  may  be  corrected  for; 
the  indeterminate  errors  are  minimized  by  the  least  squares  position 
solution. 

Corrections  for  known  errors  in  the  measured  angles  or  dial  read¬ 
ings  may  be  considered  as  belonging  to  two  groups:  Corrections  for 
errors  inherent  in  the  camera  due  to  mechanical  limitations;  and  cor¬ 
rections  to  bring  the  internal  system  of  the  camera  into  alignment  with 
the  external  system  of  the  range. 

The  first  group  will  include  eccentricity  and  lens  sag;  the  second 
group  will  include  reference  zero,  collimatioss,  and  mislevel  (or  tilt) 
and  corrections  which  must  be  applied  to  compensate  for  tracking  errors, 
A  further  correction  must  be  applied  to  the  position  data  to  compensate 
for  errors  caused  by  refraction. 
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The  following  method  is  used  at  White  Sands  Missile  Range  to  determine 
these  corrections.  Positioned  about  each  theodolite  station  are  eight  equally 
spaced  optical  targets.  The  exact  location  of  these  targets  has  been  sur¬ 
veyed.  Immediately  before  and  after  each  missile  firing,  orientation 
shots  of  the  targets  are  taken,  first  with  the  camera  in  a  normal  position, 
and  thon-with  the  camera  in  a  dumped  position  (elevated  through  180  degrees). 
It  is  possible  to  compute  the  values  of  corrections  for  that  particular 
missile  firing  with  data  obtained  from  these  orientation  shots.  These 
corrections  are  then  applied  to  the  measured  angles  to  obtain  the  corrected 
angles  for  the  final  cinetheodolite  reduction. 

Because  of  the  presence  of  unknown  sources  of  error  in  the  instrument 
and  errors  introduced  in  reading  the  film,  the  corrected  rays  from  all 
the  theodolites  will  be  concurrent  only  with  2ero  probability.  Therefore, 
the  problem  arises  of  estimating  the  position  of  a  missile  st  a  given  time 
from  observations  yielding  a  set  of  non-concurrent  lines  in  space..  This 
is  most  frequently  solved  by  assuming  that  the  position  of  the  missile  is 
at  that  point  in  space  which  minimizes  the  sum  of  the  squares  of  certain 
residuals  (sometimes  distances  and  sometimes  angles) .  The  method  developed 
here  (the  Davis  Solution)*  is  based  on  the  theory  of  least-squares,  mini¬ 
mizing  the  sum  of  the  squares  of  the  angular  residuals.  It  will  be  noted 
that  this  solution  is  identical  with  the  maximum  likelihood  estimates  of 
missile  position  in  the  particular  case  in  which  the  azimuth  and  elevation 
angles  are  normally  distributed. 


ORIENTATION  CALCULATIONS 
Scale  Factor  of  Film  Reader  (Cxy) 

n  _ ( 180°)  (Diagonal  of  film  in  Inches) 

(w) (Focal  length  in  inches) (Diagonal  in  machine  counts) 


Theodolite  Dial  Eccentricity  (Aoe,  Ace) 

Cg  represents  the  geometric  center  of  the  circle.  If  the  dial  rotates 
around  another  point  Cr,  the  arcs  measured  on  the  edge  of  the  circle  do  not 
correspond  to  the  turned  angles  of  the  dial  plate.  Eccentricity  in  the 
dials  may  be  expressed  in  terms  of: 

E  •  The  displacement  of  the  geometric  center  of  the  dial  (Cg) 
from  the  center  of  rotation  of  the  dial  (Cy). 


•R.C.  Davis,  "Techniques  for  the  Statistical  Analysis  of  Cinetheodolite 
Data,"  NAVORD  RPT  1299,  NOTS  36i>‘,  'al  Ordnance  Test  Station,  China  Lake, 
California,  22  March  1951. 
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♦  *  angle  with  respect  to  reference  at  which  the  eccentricity 
error  is  increasing  through  2ero. 

Figure  21  is  the  azimuth  dial  on  a  theodolite  illustrating  the  following 
properties: 

•  ftdio»  edio  ‘  actual  dial  readings  o*:  the  azimuth  and  elevation  dials 

5 ♦a*  it  ~  phase  angle  for  azimuth  and  elevation  dials 

Ea,  Ec  -  magnitude  of  displacement  of  center  of  ro  : at ion  from 
geometric  center  of  azimuth  and  elevation  dials. 

Aag,  Ace  *  Eccentricity  corrections 


Fig.  21.  Dial  Eccentricity  Cnmerncn 


tan  Aag  = 


1  -  £a  co*.  ,a,jJO  *a) 


tan  Aag  <=.-Ea  sin  (adio  -  laj 

Since  Aag  is  a  very  small  angle c 

/lag  «=*  tan  Aog  «  E0  sin  (adi0  -  *a) 

The  sane  procedure  is  used  to  measure  the  eccentricity  in  the  ele¬ 
vation  dial. 

Azimuth  Zero  Correction  (Aop)  Orientation 

Orientation  error  in  azimuth  (Aa0)  is  defined  as  the  constant 
difference  between  the  surveyed  and  the  measured  location  of  the  target 
(within  the  desired  angular  reference  system). 

04 j0  »  dial  readings  of  the  frame  which  shows  the  i**1  target 
board  with  the  camera  in  a  normal  position. 

xdi  *  bormsight  measurement  corresponding  to  adi0»  in  reader 
counts. 

“rio  "  dial  readings  of  the  frame  which  shows  the  i**1  target 
board  with  the  ca.nera  in  reversed  position. 

■  boresight  measurements  corresponding  to  the  ariQ,  in 
reader  counts, 

*  degrees  count  for  the  reader  used  to  measure  X,ji,  Xri. 

■  azimuth  dial  eccentricity  correction 

*  surveyed  azimuth  angle  from  nodal  point  of  camera  to  i^ 
target  board. 

*  °dio  +  (xdi  )  C  +  Acig 
“  nrio  “  (xri  )  C  -  Acu, 

XJ1  C 


*T1 


uxy 

Aag 

asi 


°di 

ari 
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Aai  *  asi - J~  L»di  *  ari)  *  9<^° 


N 

l  Aai 

Aan  *  -i*l 

i  n 

i 

i 

i  An  elevation  zero  correction.  &c0„  is  included  in  the  level  correction 

j  computation. 


j  Colligation  (C6) 

Colliaation  is  defined  as  the  misalignment  of  the  optical  and 
mechanical  axes  of  the  camera  when  the  canera  is  elevated  180  degrees 
or  duaped.  The  error  caused  by  this  misalignment  is  shown  below. 

1 

1 


Z 


Fig.  22.  Collimation  Error  Correction 


■  azimuth  dial  reading  of  the  frame  which  shows  the  ith  target 
board  with  camera  in  normal  position. 

or^  ■  azimuth  dial  reading  of  the  frame  which  shows  the  i*h  target 
board  with  camera  in  reversed  position. 

Ci  •  -$-  (ari  -  adi)  *_  90* 

N 

Ci 

Ca  ■  i*l 

— F3 - 
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Lens  Say 


Lens  sag  is  caused  by  non-rigidity  of  the  camera  lens  barrel.  This 
effect  is  shown  by  an  exaggerated  illustration.  Error  caused  by  lens 
sag  is  aaxiaim  at  0*  and  is  zero  at  90*. 


Fig.  23.  Lens  Sag  Error 


Then  if: 


e<l»  cr  *  corrected  elevation  dial  reading  of  the  frame  which 
shows  the  ith  target  with  camera  in  normal  and 
reversed  position  respectively, 

cd  -  (cr  -  180*) 


Level  Corrections  (L,  4^) 

When  the  camera  is  not  levelled  exactly  prior  to  operations,  error 
is  introduced  as  shown  in  Figure  24. 
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Fig.  24.  Level  Corrections 


This  error  Bay  be  expressed  in  tents  of  L,  the  angle  of  aaxiaua  tilt,  and 
the  phase  angle  in  the  azimuth  plane  at  maximum  tilt. 

Let: 

asi»  «si  "  surveyed  aziauth  and  elevation  angles  froa  the  nodal  point 
of  the  camera  to  the  ith  target. 

cdi  ■  elevation  dial  reading  of  the  fraae  which  shows  the  ith 
target  in  normal  position. 

L  ■  aagnitude  of  level  correction 

*  phase  angle 

Assume  that  the  error  equation  is  of  the  fora: 

Aei  ■  Ae0  ♦  L  cos  (aSi  -  4^) 

»  AeQ  ♦  L  sin  as^  sin  4L  ♦  L  cos  as^  cos  4^ 

where 

Aci  *  esi  -  cdi 
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Using: 

N  ■  L  cos  ^ 

M  *  L  sin 

Atj[  •  Ae0  ♦  M  sin  as^  ♦  N  cos  a5^ 


Using  s  least  squares  solution,  the  following  matrices  are  formed: 


r 


N 


2  sin  asi 
I  cos  aS£ 


f  \ 

_  r 

I  sin  asi  2  cos  asi 

Ac0l 

2Aci 

2  sin2  as^  2  sin  os^  cos  os^ 

M 

m 

2Ac^  sin  as ^ 

2  sin  aS£  cos  aS£  2  cos2  as^ 

N 

2Acj  cos  aS{ 

J 

V.  J 

and  solved  for  Ac0,  Mf  and  N. 
♦l  and  L  aro  obtained  from: 

♦l  *  t*n‘1 

N 

L  “  C05  ♦l 


Ac0  is  the  elovation  zeroing  correction. 

Summary  of  Data  Computed  for  Orientation  Calculations 
Cxy  -  Scale  Factor 
Aag,  Acg  »  Eccentricity 

Aaof  Ac0  «  Azimuth  and  elevation  zero  correction  (referenca) 
C0  «  collimation 
D  ■  lens  sag 

L,  *  magnitude  and  phase  angle  of  tilt 


V 
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Corrected  Angle  Calculations __ 

Given  dial  leading  (a^ial*  edial)  and  correction  fro»  above  orien¬ 
tation  calculations,  find  correct  and  to  be  used  in  the  reduction 
for  space  positions. 

Measured  aziauth,  elevation: 

°Ws  -  “dial  *  ir  (See  Fi«*  *) 
caeas  “  cdial  4  (See  Fig  8) 

Eccentricity  correction 
<?E  "  “aeas  4  Aoe 
eE  *  caeas  4  AcE 

Reference  aziauth,  elevation 
a0  c  aE  ♦  Aa0 
e0  ■  eE  ♦  At0 

Lens  sag 

tD  «  e0  ♦  D  cos  e0 

X  and  Y  reader  counts  converted  to  colligation  for  Askania  are 

r  *  *Cx,  *  c0 

T  '  Ycxy 
and  Cont raves 

X  -  (-X  cos  e0  ♦  Y  sin  cp)  Cxy  ♦  C0 
Y  ■  (X  sin  cp  ♦  Y  cos  cp)  Cxy 
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Then  correcting  the  angles  for  colliaation 


£C 


sin 


-1 


sin  ej)  ♦  Y  cos  ej) 
(1  ♦  X2  ♦  Y2)* 


°C 


a0  sin-1 


1 _ 

cos  (1  ♦  T2  ♦  72)^L 


Level  Correction  (L,  4^) 


(«i  -  4l)  "  sin 


r 

■‘L 


cos  C r  sin  (or  -  4l) 
cos  eL 


] 


<*i  *  4l  cos' 


f sin  cr  cos  L 

l - ^ - : 

V  r o*  r-  si 


sin 


cL  «  sin-1  Jsin  cc  cos  L  ♦  cos  cc  sin  L  cos  (<*c  -  4l)] 


■  cos 


-1 


Refraction  Correction 

The  exact  formulas  for  the  refraction  effect  are  extremely  coapli- 
cated.  Of  the  various  approxiaate  formulas  which  have  been  proposed,  the 
following  has  been  found  to  fit  the  rigorous  curve  within  adequate  ac- 
curacy  over  the  liaits  in  which  it  is  used  in  cinetheodolite  reductjpn*- 

-0  023157  (X2  ♦  Y2}* 

Acr  "  Z  ♦  100,000 


Where  (X2  ♦  Y2)*  »  distance  in  feet *o  the  projection  of  the  missile  in  the 
horizontal  plane,  and  Z  ■  distance  in  feet  to  the  missile  above  the  horizon- 
tal  plane,  Acr  is  the  correction  in  degrees  which  must  be  applied  to  the 
measured  elevation.  An  approxiaate  position  of  the  missile  is  required  \o 
aake  this  correction. 
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COMPUTATIONAL  procedure 


The  coordinate  system  used  is  a  cartesian  system  (X,  Y,  Z)  where  X  is 
positive  to  the  North,  Y  is  positive  to  the  East  and  Z  is  positive  upwards 
from  the  origin. 

Using  two  stations  an  approximate  position  (Xq,  Y0,  Zo)  is  computed 
by  the  Bodweli*  rothod.  If  any  one  coordinate  disagreement  is  greater 
than  300  feet  another  position  is  computed  using  one  of  the  first  two 
stations  and  a  third  station.  If  tacre  is  still  a  disagree. on',  of  over 

300  feet  then  the  second  and  tnird  stations  are  used  to  compute  the  appro¬ 
ximate  position, 

Assuming  that  Xq,  Y0,  Z0  is  a  close  approximation,  the  elevation 
corrected  for  refraction  may  be  computed  by 

*  *L  ♦  Acr 


A  Bodweli  point  is  used  as  the  initial  point  for  each  position 
throughout  the  missile  run.  The  Davis  least  square  solution  is  then 
used  to  compute  AX,  AY,  and  AZ  as  follows: 

A  first  approximation  to  the  azimuth  and  elevation  angles  from  the 
1th  theodolite  if  computed. 


cj*  ■  tan”1 
where  Xj,  Y^,  Zj  are 


_ Zq  -  Zi _ 

/  (X0  -  Xi)2  ♦  (Y0  Yi)2 

the  coordina^s  of  the  1*^  theodolite. 


,ee  t.  keas~  Squares  Solution  of  the  Cinetheodolite  Problem,  C.A.  Bodweli, 
HADC  Report  No.  KRfT-138,  12  Dec.  1951 
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The  true  azimuth  and  elevation  from  the  station  aru  oppressed  in  a  Taylor’s 
series  expansion  in  which  the  higher  order  terms  are  discarded  as  negligible. 
These  series  are: 


a«  -  3  ;  ♦ 


3a* i  3a* i  3a*j 


3x 


—  Axi+ 


3y 


Ayi-*- 


3z 


Ati+ 


Cl) 


Oc'i 


ci  »  c  i  * 


3x 


Axj* 


3e*i 


3y 


3z 


A?  ^  ♦  •  •  • 


(2) 


The  function  to  be  minimized  is  the  sum  of  the  squares  of  the  residuals. 
The  residuals  are  th*  changes  in  the  angles.  This  sum  becomes: 


N 

*  •  l 

i«l 


f  •  3a*i  3®*!  .  3a*i  V  .  /  „ 

(®i  “  ®  i - toi - Vi - ^-Azi)  Pi  ♦  (  *i  -  c  j 


i£JL 

3x 


%  -  "-*1-  %  - 


Qi_ 


(3) 


where  and  are  the  angular  weighting  functions  defined  by: 


Pi  ■  cos2  *i 


(Xp  -  Xj)2  ♦  (Yq  -  Yj)2 
(Xc  -  Xi)2  ♦  (Y0  -  Yi)Z  ♦  (Z0  -  Zi)2 


Qi  -  1 


SO 


3<M 


Substituting:  Pi  a; »  *  — Pi 

ax 


„  3d[ 

Pi*i2  *  -  pl 

x  **  ay 


3<tf 


v** '  IT" Pi 


Qi«il  -  ->^a-  Qi 

1  3x 


Qi«i2  •  Qi 

x  46  ay 


Qi«i3  *  Qi 


az 


and  tht  approximate  positions  with  respect  to  the  ith  theodolite. 


Xo  -  Xi  -  Xi 

Y0  >  Yi  -  yi 
zo  "  zi  "  H 

S 

*kj  *  8jk  *  l  *t)  *ik  pi 
i«i 

N 

hkj  *  hjk  *  I  *ij  ®ik  Qi 


and  lotting 


Express  the  simultaneous  equations  represented  by 


ax 

»  o 

ay 

tr  0 

ax 

in  the  following  for*: 

(*11  *  hlP  *  C*i2  41  h12>  ^i*  («1S  *  h13)  Azi  " 

I  £il  C°i  -  «’i)  pi  *  *U  (,i  “  *V  ^ 

(*12  4  h12)  AXf*  (*22  +  h22)  Ayj-r  U23  *  h23)  “ 

I  j»i2  (<*i  *  ®*i)  pi  ♦  «i2  (*i  *  c*i)  Qjj 

(813  ♦  h13)  A*i  *  (*23  ♦  h23)  ^Xi  ♦  (833  *  *33)  Asi  * 
l  £i3  («i  -  a°i^  pi  *  ®i3  (ti  ’  «* i)  Cj] 


(5) 


(6) 


(7) 


(8) 


The  valuos  of  the  coefficients  of  the  variables  uxi,  4y$,  and  in 
Equations  6-8,  evaluated  at  the  first’ approximation,  using  Equation  4 
where 

Ri2  •  xj2  ♦  yi2  ♦  =i2 

becose : 


811  ♦  hll 


H 


I 

i-i 


813  *  h13  * 

823  ♦  1*23  - 

*22  4  h22  * 

833  *  h33  * 
by  substituting 


(9) 

(10) 

(11) 


express  the  coefficients  of  the  variables  in  Equations  6-8  as; 


A- 


l  of  *  Cf) 

i-l  1  1 

N 

h  I 

i-l 

N 

"2  Aici 
i-i 


N 

-  2  AiBi 
i-l 

N  _  . 

2  (a^  *  c^) 

i-l 

N 

-  2  BiCi 

i-l 


N 

-  2  AiCi 

i-l 

N  „ 

-  2  »iCi 

i-l 

N  » 

2  (Ai  ♦  Bf) 

i-l 


(12) 


and  the  cofactors  Ajj,  £|2»  &13*  ^22»  ^23*  A33,  (Ajjj  •  Afcj)  of  the 

iietvreinant  A  stay  be  readily  obtained.  The  space  positions  »ay  be 
co&puted  free  the  solution  of  the  simultaneous  Equations  6-8,  yielding: 
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▼ 


N 

«  l 

i«l 

N 

-  I 

N 

♦  l 

i-1 


Hi  (<*i 

*i2  (ci 
*13  («i 


°*i)  ?i  *  ®il  («i  -  ®*i) 
**i)  ?i  ♦  ®i2  C«i  -  «*i) 
0%)  Pi  +  ei3  (ti  -  e^} 


Hi 

A 

*12 

A 

Hi 

A 


(13) 


with  similar  expressions  for  A/i  and  AZi. 

The  new  approximate  position  then  becomes 

xAi  ■  xo  *  Axi 


The  new  estimated  point  is  then  used  to  find  a  new  Ax,  Ay,  As. 

This  procedure  (iteration)  is  continued  either  until  Ax,  Ay  and  as  are 
less  than  0.1  units  or  through  six  iterations. 

The  azimuth  and  elevation  residuals  for  each  station  are  computed 
(in  radians) . '  The  azimuth  residual  is  multiplied  by  the  cosine  of  the 
elevation.  After  the  last  iteration,  if  the  absolute  value  of  any  one 
azimuth  or  elevation  residual  exceeds  2,25  minutes,  the  azimuth  and 
elevation  angles  for  that  station  are  removed  and  the  point  is  recomputed. 


VARIANCE  AND  CO-VARIANCE  OF  THE  COORDINATES 


The  angular  standard  deviations  for  each  point  may  be  found  from 
the  residual  angles  (6aj_  cos  c*  and  Ac*)  using 


oA 


£[(3qj)  cos  tj]2  ♦  EAc2j 
2n-3 


The  coordinate  o’s  are  then  computed  using  the  oA  above  and  the  cofactors 
of  the  elements  of  the  principal  diagonal  of  the  least  squares  determinant . 
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Rotational  Computation* 

The  position  data,  having  been  computed  in  the  WSCSJ  are  translated 
to  the  desired  origin  and  rotated  into  the  desired  tangent  plane. 

Hand  Coeputing  Space  Position 

A  siaple  two-station  reduction  (Bodwell  Solution)  aay  be  used  to 
check  the  data  which  is  received  froa  the  high  speed  computer,  IBM  7094, 
starting  with  the  corrected  angles,  aj,  cj,  a2,  e2,  as  follows: 


1. 

COS  Qj 

13. 

A  ■ 

•1  *2  ♦  bi  b2  ♦  ci  C2 

2. 

COS  Cj 

14. 

®1  " 

(x2  -  xj)  ♦  (y2  -  yi) 

bl  ♦ 

(*2  - 

tl)  ci 

3. 

sin  oi 

15. 

B2  ■ 

(x2  -  xi)  a2  ♦  in  -  Xl) 

b2  ♦ 

(*2  - 

*l)  ^2 

4. 

.  cos  02 

16. 

A2  - 

1 

5. 

cos  c2 

17. 

B2  A  -  Bi 

A 

- 

rl  “ 

*  2 

•  » 

7. 

mi  ■  cos 

®1 

cos 

«1 

18. 

r2  * 

-Bl  A  ♦  B2 

8. 

a2  •  cos 

“2 

coi 

A2  -  l 

9. 

■  sin 

el 

19. 

*ol 

-  rl  *1  *  X1 

10. 

C2  «  sin 

*2 

20. 

y0i 

*  ri  bi  4  yi 

11. 

-  cos 

'1 

sin 

21. 

*ol 

■  n  «i  ♦  *1 

12. 

i>2  «  cos 

*2 

sin 

a2 

22. 

xo2 

■  r2  a2  ♦  x2 
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y02  •  r2  b2  ♦  y2 

24. 

*o2  *  r2  c2  ♦  *2 

2S. 

x0  -  Jfoj  *  *9 Z 

2 

26. 

v  .  y<»i t  ♦  ** 

2 

27. 

...  101  “<* 

2 


twhew  xit  Ylt  tlt  x2,  y2,  z2  *r*  the  survayad  coordinataa  of 
stations*  translated  and  rotatad.) 


tho  caaara 
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INTRODUCTION 


The  primary  electronic  tracking  instrumentation  system  at  WSMR  is  the 
AN/FPS-16  Radar  system.  The  system  consists  of  nine  radars,  located  through¬ 
out  the  range:  three  at  "C"  station,  two  each  at  King-I  and  Stallion  site, 
and  one  each  at  Tula  Range  and  Phillips  Hili< 

Although  often  referred  to  as  a  "systes",  it  is  actually  simply  s  group 
of  individual  instruments,  since  each  radar  is  capable  of  independently 
determining  the  position  of  the  object  being  tracked.  The  radar  reduction 
discussed  in  this  section  is  a  single-station  solution  for  determining  the 
trajectory  of  a  missile  (or  other  target)  in  cartesian  coordinates  using 
the  range,  azimuth,  and  elevation  data  as  measured  by  one  rslar  station. 

An  N-station  solution  which  oeteraines  a  single  trajectory  f  ro»  the  waighted 
averages  of  multiple-radar  measurements  will  be  discussed  in  a  later  section. 

Basically  a  radar  operates  by  transmitting  a  high-energy  radio  frequency 
signal.  A  portion  of  this  signal  is  intercepted  by  a  reflecting  object 
(target)  and  reradiated  in  all  directions.  That  energy  which  is  reradi&ted 
back  to  tha  radar  is  detected  the  radar  receiver.  The  distance  to  the 
target  is  determined  from  the  tise  elapsed  between  the  transmission  of  the 
signal  and  the  detection  of  the  echo.  The  direction  or  angular  position  of 
the  target  is  Indicated  by  the  pointing  angles  of  the  antenna.  (Normally  a 
radar  uses  the  same  antenna  for  both  transmitting  and  receivir  ?.) 

The  most  common  form  of  rf  signal  transmitted  is  a  tra.  \  «-,f  narrow 
rectangular  pulses,  modulating  a  sine  wave  carrier.  Since  electromagnetic 
energy  travels  at  the  speed  of  light,  the  range  to  the  target  can  be  found 

from  R  *  — where  c  is  the  velocity  of  light,  and  At  is  the  time  required 

for  the  wave  to  travel  out  and  back. 

Once  the  transmitted  pulse  is  emitted,  a  sufficient  length  of  time  must 
be  permitted  to  elapse  in  order  that  any  return  echo  may  be  detected  before 
the  next  pulse  is  transmitted.  (Otherwise  the  At  would  be  measured  with 
respect  to  the  w: eng  transmitted  puise  and  erroneous  range  data  produced.) 

The  measurement  of  range  becomes  simply  a  problem  of  time  measurement.  The 
pulse  repetition  frequency  (prf) ,  i.e.,  the  rate  at  which  pulses  are  trans¬ 
mitted,  determines  the  maximum  range  from  i.hich  echoes  can  be  returned  without 
ambiguity: 


R(aax.  unambiguous)  =  — 


Presaging  page  &ank 


The  radar  tranjnits  a  narrow  beam  of  radiation,  using  a  highly 
directional  antenna.  Consequently  echoes  are  received  only  from  targets 
lying  in  the  direction  in  which  the  beaa  is  pointing.  If  the  antenna,  and 
therefore  the  radar  beaa,  is  swept  or  scanned  around  the  horizon,  the 
strongest  echo  will  be  received  when  the  beaa  is  pointed  directly  at  the 
target,  weaker  echoes  when  the  beaa  is  pointed  a  little  to  one  side  or 
another  of  it,  and  no  echo  when  it  is  pointing  in  other  directions.  By 
measuring  the  antenna  position  (in  azimuth  and  elevation  angles)  at  the  rime 
the  strongest  echo  is  received,  the  position  of  the  target  can  be  determined. 

A  tracking  radar  is  designed  so  that,  once  it  has  located  the  target 
which  is  to  be  tracked,  it  will  "lock  on"  and  automatically  continue  to  point 
its  antenna  in  the  proper  direction  to  follow  the  trajectory  of  the  target. 
The  FPS-16's  are  equipped  with  a  closed  loop  servo  control  systea  to  perform 
this'  function. 


The  FPS-16  is  a  eonopulse  tracking  radar,  having  four  feed  horns  located 
at  the  focal  point  of  its  parabolic  antenna.  If  the  target  is  centered 
directly  in  the  bean  path,  equal  amounts  of  returned  radiation  will  be  re¬ 
ceived  by  each  of  the  four  horns.  If,  however,  the  target  is  off-center,  by 
comparisons  of  the  signal  strength  received  at  each  of  the  horns,  error 
signals  can  bo  developed  to  direct  the  servo  system  to  automatically  correct 
the  antenna  pointing  direction.  The  azimuth  tracking  error  signal  is  propor¬ 
tional  to  the  difference  belw^een  the  sums  of  each  vertical  pair  of  horns. 

The  elevation  tracking  error  signal  is  proportional  to  the  difference  between 
the  sums  of  the  horizontal  pairs.  (See  Fig.  1) 


(A*C)  -  (B*D) 
(A+B)  -  (OD) 


Horn  Configuration 


The  sun  of  the  radiation  recoived  by  all  four  horns  is  used  to  develop 
the  reference  signal  to  which  the  sziauth  and  elevation  error  signals  are 
related.  This  sum  signal  is  also  used  to  develop  the  automatic  gain  control 
(AGC)  signal.  The  AGC  controls  the  amplifier  gain  of  the  radar  receiver  to 
insure  that  the  signal  level  in  the  receiver  is  kept  within  the  liaits  of  the 
receiver’s  linearity,  and  to  prevent  losses  of  small  signals  by  noise  or 
large  signals  by  receiver  saturation.  (Another  application  of  this  AGC  signal 
will  be  discussed  in  connection  with  the  "Radar  Cross-Section"  data  reduction.) 

The  basic  data  obtained  by  a  radar  consist  of  range,  azimuth,  and  eleva¬ 
tion  observations,  with  timing,  recorded  digitally  on  magnetic  tape  in  binary 
code.  The  FPS-16's  at  WSMR  use  standard  IRIG  timing. 
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AN/FPS-16  RADAR  DATA  CORRECTION 


A  precise  calibration  technique  is  necessary  to  correct  the  FPS-16  raw 
data  for  known  errors.  This  includes  orientation  calibrations,  data  shaft 
eccentricity  corrections,  mislevel  andantenna  sag  corrections,  beacon  delay 
corrections,  and  refraction  corrections. 


Orientation  Calibrations 

Each  AN/FPS-16  radar  employed  at  White  Sands  Missile  Range  utilizes 
an  orientation  system  <^f  six  orientation  targets,  boresight  signal  generator, 
range  corner  reflector  and  two  boresight  targets.  The  targets  are  referenced 
in  elevation  and  azimuth  with  respect  to  a  local  grid  system  and  positioned 
500  yards  from  the  mechanical  axis  of  the  radar.  Tie  target  boards  are  four 
feet  square  and  are  mounted  on  sixteen  foot  poles  approximately  eight  feet 
above  the  ground.  Each  target  is  quartered  and  brightly  colored  with  opposite 
quarters  of  the  same  color.  One  target,  the  grid  target,  is  positioned  in 
the  same  horizontal  plane  of  the  radar  at  an  elevation  equal  to  zero  mils  to 
insure  an  elevation  plunge  (dump)  angle  of  exactly  180  degrees  (3200  mils) . 

An  optical  telescope  is  used  to  sight  the  targets  for  positioning  the 
radar.  The  telescope  can  be  moved  from  its  mount.  The  telescope  mount  is 
welded  on  the  antenna  support  structure  of  the  radar. 

The  boresight  signal  generator  and  the  boresight  targets  are  mounted 
on  the  boresight  tower  approximately  five  hundred  yards  from  the  radar. 

All  calibration  data  are  supplied  by  the  radar  division  to  Data  Reduction 
on  a  data  correction  sheet  (Fig.  2). 

The  first  step  of  the  calibration  procedure  is  to  determine  the  relation¬ 
ship  of  the  vertical  plane  through  the  optical  axis  of  the  optical  telescope 
to  the  vertical  plane  which  is  perpendicular  to  the  elevation  axis  of  the 
radar.  This  is  done  in  the  following  manner: 

a.  Place  the  telescope  in  its  mount  in  the  reverse  position  while  the 
antenna  is  in  the  normal  position.  • 

b.  Plunge  the  antenna  in  elevation  and  direct  the  mount  until  the 
vertical  cross  hair  of  the  telescope  coincides  exactly  with  the  vertical 
line  on  the  grid  target.  (Read  azimuth  octal  at  the  console.) 

c.  Return  the  antenna  to  its  normal  position  and  return  the  telescope 
to  its  normal  position.  (Note  that  the  azimuth  reading  has  not  changed.) 

d.  Read  the  deviation  of  the  grid  target  board  vertical  cross  hair  with 
respect  to  the  telescope  vertical  cross  hair.  The  sign  is  positive  if  the 
grid  target  cross  hair  is  to  the  right  of  the  telescope  cross  hair,  negative 
if  to  the  left.  The  deviation  (c;)  is  recorded  on  the  data  correction  sheet. 

The  next  step  in  the  procedure  is  to  determine  the  location  of  the  beam 
axis  with  respect  to  the  plane  which  is  perpendicular  to  the  elevation  axis 
of  the  radar.  This  is  done  by: 
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a.  Track  the  boresight  tower  in  the  automatic  node  at  the  receiver 
frequency  and  receiver  bandwidth  that  is  toJba-used  during  the  Mission,  with 
the  aount  and  optical  telescope  in  the  nornal  position. 

b.  Observe  the  optical  target m  the  boresight  tower  with  the  optical 
telescope.  Read  "aj",  as  positive  if  the  vertical  line  of  the  target  is 
to  the  right  of  the  vertical  cross  hair  of  the  optical  telescope,  negative 
if  to  the  left.  Read  "ei",  as  positive  if  the  horizontal  line  of  the  target 
is  above  the  horizontal  cross  hair  of  the  optical  telescope,  negative  if  it 
is  below.  The  "ai",  and  "ei",  are  recorded  on  the  data  correction  sheet. 

c.  Plunge  the  antenna  in  eleyation  and  rotate  3200  Mils  in  azinuth, 
and  track  the  boresight  tower  again.  Read  Ma2"»  and  "e2"  as  above  and 
record  then  on  the  correction  sheet. 

d.  Observe  the  six  orientation  targets  in  sequence.  Direct  the  mount 
until  the  horizontal  and  vertical  cross  hairs  of  the  telescope  coincide  with 
the  cross  hairs  of  the  targets.  Record  on  the  correction  sheet  the  azinuth 
and  elevation  readings  converted  to  Mils  for  each  target. 

The  last  step  in  the  calibration  procedure  is  to  detemine  the  range 
calibration. 

a.  The  radar  tracks  the  corner  reflector,  the  signal  in  the  skin  gate. 
The  octal  range  reading  is  converted  to  yards  and  recorded  on  the  data  sheet. 


Data  Shaft  Eccentricities 

The  data  shaft  eccentricity  error  is  defined  as  the  error  introduced 
in  the  recorded  data  by  the  data  shafts'  not  rotating  about  their  true  centers. 
The  eccentricity  constants  for  each  radar  are  supplied  to  Data  Reduction  by 
the  Radar  section. 


Beacon  Delay  Correction 

The  tine  delay  between  the  reception  of  the  radar  signal  by  the  beacon 
transponder  in  the  missilo  and  the  transmission  of  the  transponder’s  own 
signal  is  known  as  the  beacon  delay. 

Prior  to  a  test,  the  beacon  delay  is  Measured  and  coopensated  for  in  the 
field.  The  field  measurement  is  compared  with  the  beacon  and  skin  data  dif¬ 
ferences.  If  the  differences  are  not  zero,  then  a  correction  is  added  to  the 
field  measurement  to  produce  zero  differences. 

If  circumstances  prevent  the  beacon  delay  setting,  the  negative  of  the 
beacon  delay  (Q)  oust  be  recorded  on  the  data  correction  sheet. 
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The  error  constant  (H)  is  that  introduced  by  the  elevation  axis  of  the 
radar  not  being  perpendicular  to  the  azimuth  axis. 

The  error  constant  (D)  is  that  introduced  in  the  elevation  angle  due  to 
the  sag  caused  by  the  weight  of  theartenna. 


Refraction  Corrections 


Refraction  error  or  propagation  error  is  that  error  introduced  in  the 
elevation  angle  and  range  due  to  the  variations  in  the  velocity  of  propaga¬ 
tion  through  the  atmosphere. 

The  values  recorded  on  the  data  correction  sheet  are: 

a.  The  wet  bulb  (Tw)  and  dry  bulb  '(To)  temperatures  which  are 
determined  by  the  use  of  a  psychrometer. 

b.  The  barometric  pressure  (P0) . 


Mislevel  Correction 

The  mislevel  error  is  that  error  introduced  by  the  azimuth  plane  of 
the  ^adar  not  being  coplanar  with  the  surveyed  azimuth  plane. 


Definitions  of  Symbols  Used  in  the  Reduction: 


al»  *2»  «1»  *2 
a,  e 

C0 

ci 

aoi 

coi 

®el 

eel6 

$el 


Optical  to  beam  axis  observations 

Corrections  for  non-perpendicularity  of  beam  axis  to 
elevation  axis 

Correction  for  non-perpendicularity  of  beam  axis  to  the 
elevation  axis  l(Colliraation) 

deviation  of  grid  target  vertical  cross  hair  with  respect 
to  telescope  vertical  cross  hair 

Recorded  azimuth  of  the  i**1  target 

Recorded  elevation  of  the  ic^  target 

Amplitude  of  elevation  1  speed  shaft  eccentricity 

Amplitude  of  elevation  16  speed  shaft  eccentricity 

Phase  of  elevation  1  speed  shaft  eccentricity 
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$cj6  «  Phasa  of  elevation  16  speed  shaft  eccentricity 

*al  *  Aaplitude  of  aziauth  1  speed  shaft  eccentricity 

eau6  a  Amplitude  of  aziauth  16  speed  shaft  eccentricity 

-  Ph*3*  of  aziauth  *  speed  shaft  eccentritity 

4qX6  »  Phase  of  aziauth  16  zpead  shaft  accentricity 

H  •  Non-perp«5Uicularity  of  aziauth  axis  of  the  radar  to  the 
elevation  axis  of  the  wadar 

0  •  Err' -  due  to  sag  caused  by  the  weight  of  the  antenna 
a,4  »  Surveyed  aziauth  angle  of  the  i*^  target 
*ai  *  Surveyed  elevation  angle  of  the  i^1  target 
L  •  Aaplitude  of  tilt 

+L  •  Aziauth  angle  away  froa  true  north,  at  which  the  aaxiam 
aislevel  occurs 

U0  «  Elevation  calibration  correction  (zeroing  correction) 

Aoq  *  Aziauth  calibration  correction  (zeroing  correction) 
r  ■  nu aber  of  targets 

eg  «  Aaplitude  of  range  1  speed  shaft  eccentricity 
■  Phase  of  range  1  speed  shaft  accentricity 
Rq  •  Observed  Range 
R,  *  Surveyed  Range 
ARg  •  Range  calibration  correction 
6k£,  «s*  ■  Angular  residuals  for  i4**  target 
Kj„  ^2e»  k1R*  k2R  *  Coefficients  of  refraction 

K  *  Index  of  refraction  (not  to  be  confused  with  X  "  L  cos  ej 
Pfi  ■  Pressure  in  niilibsre 
Ty  »  Wet  bulb  teaperstura  in  degrees  absolute 
T0  •  Dry  bulb  temperature  in  Agrees  absolute 
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cCj,  Oqj  *  Observed  angles  at  the  j**1  tine 
Rqj  »  Observed  range  at  the  j**1  time 
Q  =  Beacon  delay 

free  space  velocity  of  propagation 
^  *  Radar  velocity  of  propagation  *  1  ■  ('“00^0 

-6j*  a6’  “  corrected  angles  at  jtn  time  in  the  radar  tangent  plane 

«  Final  corrected  range  at  j th  tine 

Uij  Vj  *  Direction  cosines  of  radar  line  of  sight  at  j1*1  time 

Xj*!,  Yj",  Zj"  ■  Coordinates  at  j**1  time  in  WSCS  plane 

Xj’,  Yi',  Zj*  •  Coordinates  at  j**1  time  with  respect  to  desired  origin  in 
J  WSCS  plane 

Xj#  Yj,  Zj  •  Coordinates  at  jth  time  with  respect  to  tangent  plane  of 
desired  origin 


Mathematical  Procedure 

The  following  is  the  procedure  for  the  single  station  reduction  of 
AN/FPS-16  radar  data. 

Angular  Orientation  Calculations: 

Tho  corrections  for  the  error  introduced  by  the  radar  beam  axis  not 
being  perpendicular  to  the  elevation  axis  are  computed  as  follows: 


1.  a 


2.  e 


el  -  e2 
2 


3.  C0  *  a  - 


By  applying  corrections  (1)  and  (2)  to  the  recorded  azimuth  and  elevation 
angles,  ail  observations  become  referenced  to  the  bee*  axis, 

cli  *  coi  -  e 


on  “  aoi  -  a 
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The  angles  are  then  corrected  for  data  shaft  eccentricity  error*  by  the 
following  equations. 

G2i  "  Eli  *  ®el  5in  (‘-li  -  ^cl)  *  ®cl6  *in  16  tcli  "  **16) 

<*2i  "  “li  4  ®al  sin  (“li  "  ♦<*!>  4  eol6  *in  16  (®li  “  ♦old) 


The  angles  corrected  for  the  error  constant  (H) ,  introduced  by  the 
non-perpendicularity  of  the  elevation  axis  to  the  aziauth  axis,  becoae 

«3£  ■  sin*1  (sin  C2i  cos  jHj) 


f  *in  e2i 

“Si  *  “2i  4  sin  \»in  H 


Then,  correcting  for  the  error  constant  (0) ,  due  to  the  sag  caused 
by  the  weight  of  the  antenna,  the  elevation  becoaes 

Mi  "  «3i  “  0  cos  e3i 


The  aziauth  angle  is  corrected  S>r  col liaat ion  (Cq),  the  error  due 
to  the  non-perpendicularity  of  the  bean  axis  to  the  elevation  axis,  by 
the  following  equation: 

°4i  *  “3i  4  co  **c  «3i 

Using  the  surveyed  angles  of  the  targets  and  the  corrected  angles 
ooapute 

A“i  ■  “si  *  ®4i 

Aei  *  esi  *  Mi 


The  correction  for  the  non-level  error,  which  is  due  to  the  aziauth 
plane  of  the  radar  not  being  coplanar  with  designated  aziauth  plane,  is 
coaputed  using  the  surveyed  aziauth  data  of  the  targets  and  the  corrected 
elevation  angles  of  the  targets. 

Assuaing  that  the  error  equation  is  of  the  fora: 

Mi  *  c4i  "  fleo  41  cos  (“si  “  ♦*<) 

-*  Ac0  ♦  L  cod  afi  cos  ♦  L  sin  «*i  »in  4^  (D 
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let  M  *  L  sin  ^ 
N  ■  L  cos 


Since  Ae^  •  csi  -  e^,  equation  (1)  becoaes: 
Ae^  ■  Ae0  *  M  sin  osj  ♦  N  cos  Ogj 


Using  •  least  squares  aethod,  the  sua  to  be  Minimized  is: 


S 


n 

l  (Aec  ♦  M  sin  isi  ♦  N  cos  -  Aei)2 


and 


as 

3At0 


2 


2 


n 

o  ♦  M  ]>  sin  os«  ♦  N 
i-1 


J  sin  a_j  ♦  M  T  sin 
i*l  i-1 


l  cos  a  ±  - 
i-1 

,  n 

«.i  * »  I. 

i-i 


sin  cos 


JjAci  *i"  asiJ 

2  [AC°  i^lC°*  °si 


M 


n 

l  sin  asi  cos  asi 


♦  N 


n 

l  cos2  a,! 
i-1 


n 

l  Acj  cos  a5i 
i-1 
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The  simultaneous  equations  are  represented  by 


n  n 

n  Ae0  *  N  I  cos  osi  ♦  H  7  sin 
i-1  i-1 


°si  *  I  Aei 


n  n  n  n 

Ae0  l  sin  as£  ♦  N  ][  sin  a$i  cos  a  .  ♦  M  £  sin2  a$j  ■  £  Acj  sin  asi 
i-1  i-1  i-1  i-1 


Ac  ]>  cos  asj  ♦»  J  cos2  asi  J  sin  asi  cos  asi  •  J  A*j  cos  as^ 
°  i*l  i-1  i-1  i-1 


A~0,  M  and  N  are  obtained  using  the  following  matrices: 


n 

I  *in  <*si 

i-1 


l  *in  <*si 
i-1 


n' . 

7  sin2  asi 
i-1 


l  «»*  «si 
i-1 


A«0  l  Acj 
i-1 


n  n 

£  sin  asi  cos  a.}  M  *  ][  Ac*  sin  as^ 

i-1  i-1 


l  *»•  °si 
i-1 


n  n 

l  sin  asi  cos  asi  £  cos2  a.* 

i-1  i-1 


7  Ati  cos  a., 
i-1  1 


Then  L  -  (M2  ♦  N2)£ 

♦l  "  t"1'1  ® 


♦b  ao  wav  «•*  irruth  z-zy  from  true  north,  at  which  the  maximal 

.^islevel  occurs. 

Ac0  -  the  elevation  calibration  correction. 

Compute  the  azimuth  calibration  correction 


Aa0  •  l  A(*i 
i-1 
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Range  Orientation  Correction  (ARq) 
Correct  tne  range  as  follows: 


Range  error  »  eR  sin 


y(Ro  ~ 
2048 


AR  •  Rs  -  Rq 
AR0  •  AR  ♦  Range  error 

Angular  Residuals: 

Compute  the  angular  residuals  as  follows: 

*  Atj  -  (Ac0  ♦  M  sin  asj  ♦  H  cos  aSj) 

fia^  *  Aai  -  Aa0 
Coefficients  of  Refraction: 

The  coefficients  of  refraction  are  determined  by  the  following  formulao:* 

Kle  *  (-1.018591636  x  10"3)  (N) 

K2e  *  3.568912557  x  105  -  4.351144769  x  103  (N)  ♦  2.152067349  x  10  (N)? 

-  4.850656971  x  10-2  (N)3  ♦  4.143517896  x  lo’5  (N)4 

*^1R  “  According  to  Table  I  (N-  units  vs 

<2r  -  1.526309835  x  104  ♦  2.851703765  x  10  (N)  -  3.067090397  x  10* 1  (N)2 

♦  4.943394167  x  iO"4  (N)3 


where  N  is  the  index  of  refraction  determined  by  the  contribution  due  to  the 
pressure  and  temperature  (S  units)  and  the  contribution  due  to  the  pressure 
of  water  vapor  (R  units) 


•Pearson,  Kermit  E.,  Kasparek,  Dennis  D.,  Tarrant,  Lucile  N.,  "The  Refraction 
Correction  Developed  for  the  AN/FPS-16  Radar  at  WSMR”  (U),  USA  SKSA 
Technical  Memoiandua  577,  November  1958. 
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Compute : 


6.22  log’1  fe.4051  - 


2353 


■) 


*  P0  -  10  log"1  ^8.4051 
Tb  «  4  x  10-“  (Tu  -  T0) 


2353 


¥j 


where 


T0  *  Dry  bulb  temperature  in  degrees  absolute 
Tw  ■  Wet  bulb  temperature  in  degrees  absolute 
P0  •  Pressure  in  millibars 
Then  the  dew  point  tesporoture,  TD,  becomes 


TD 


2353 


8.4051  ~  log 


(Ta  ♦  Tb)  P0 


!■ _ 

L  10  (Ta  ♦  Tb)  ♦  6 


-1 


S (units) 


77.0  (P0) 
To 


R(ynits)  •  log"1  [(TD  -  273) (.02789)  ♦  1.42618] 


N(units)  ■  R(units)  ♦  S(units) 
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TABLE  I 


N  units 
224  thru  233 
234  thru  243 
244  thru  251 
2S2  thru  260 
261  thru  263 
269  thru  275 
276  thru  283 
284  thru  291 
292  thru  298 
299  thru  305 
306  thru  311 
312  thru  318 
319  thru  323 
324  thru  329 
330  thru  333 
334  thru  340 


N  units  vs  K1r 


*18  (yards) 
-3.03 
-3.04 
-3.05 
-3.06 
-3.07 
-3.08 
-3.09 
-3.10 
-3.11 
-3.12 
-3.13 
-3.14 
-3.15 
-3.16 
-3.17 
-3.18 
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Data  Point  Correction: 

Having  determined  the  calibration  corrections, the  observed  data  at  the 
jth  time  are  corrected  by  the  following  formulae: 

The  data  corrected  for  dii?  shaft  eccentricity  errors  are 

«ij  *  e0j  ♦  eci  sin  (e0j  -  fei)  ♦  ®el6  16  («oj  -  *€16) 

®lj  "  «oj  +  ®al  sin  (°0j  "  *ol)  *  ®al6  sin  16  (*oj  “  ^016) 

Rlj  *  ♦  ®R  sin 


where: 

c0j  »  observed  elevation  angle  at  the  jth  time, 
ooj  ■  observed  azimuth  angle  at  the  j*h  time. 
Rqj  a  observed  range  at  the  time. 


Correct  the  angles  for  the  error  constant  (H) 


C2j  *  sin"1  (sin  cos  |H{) 


a2j  "  <llj  *  sin 


“l  (sin  H 


<lj 
cos  c2j 


Correct  the  elevation  angle  for  The  error  constant  (D),  and  the  azimuth 
angle  for  the  error  constant  (Co) 


C3j  *  cjj  -  D  cos  c2j 
°3j  *  «2j  *  co  5ec  c2j 

Correct  the  tingles  for  the  calibration  corrections  (Ac0,  Aoq) 
c4j|  *  c3j  ♦  Aco 

a4j  *  °3j  ♦  Aao 
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The  line  of  sight  is  rotated  into  the  WSCS  plane  by  the 
rotational  matrices. 


where 


and 


I  N 


CM)' 


!  M 

t 

(M)  *  *  (  M. 


11 

412 


.  / 

•  ) 

,  cos 

a .  cos  e  . 

3 

1  . 

•  sm 

3  3 

t. )  = 

a .  cos  e . 

3  3 

< 

1  .  • 

cin  e . 

3  ■ 

/ 

i 

V 

J 

M21 

M31  : 

*12 

M22 

M32  , 

'l  3 

M23 

M33  ' 

*o  sin 

*k  C0S 

(^o  * 

*k  Sin 

1  <Ao  - 

V 

1 


M13  =  "CoS  *0  Sin  C0S  ^X0  '  V  +  Sin  ^0  COS 

M21  =  Sin  ^9  3in  %  -Ak} 


M22  =  C0S  (A0  -V 


M23  =  'C0S  *0  Sin  (A0  -Ak  J 


M3l  ■ 

-sir. 

4>q  cos 

♦k 

cos  {X( 

M32  = 

cos 

♦k  Sin 

<Ao 

-  V 

M33  = 

cos 

CO:i 

*k 

cos  (A0 

Kq 


fol lowing 


The  derivation  of  this  matrix  is  described  in  ADDENDUM  I. 


4>p,  Aq  =  Geodetic  Positions  of  the  WSCS  Point 
^k’  \  =  ^eoc^et^c  Positions  of  the  k^’  Radar 


The  direction  cosines  are  then  converted  to  rectangular  coordinates  in 
the  WSCS  plane  as  follows: 

x."  =  C_  R6.(cos  e.  cos  a.) 

J  R  J  J  J 

y/'  =  CR  R6j (cos  c j  sin  a..) 


z =  Cn  R6 .  sin  r  . 

J  R  J  J 

C_  =  conversion  factor  from  yards  to  desired  units.  The  cooroinates 
are  then  translated  to  the  desired  origin  by  the  following  equations: 


x . 


X."  ♦  AX 

J 


y  '  =  y."  +  Ay 
J  j 


z  '  =  z +  Az 
3  J 

where  as,  aY»  Az  are  the  WSCS  coordinates  of  the  radar  with  respect  to  the 
desired  origin. 


The  position  data  may  then  be  rotated  into  the  tangent  plane  of  the 
desired  origin  by  the  following  rotational  matrices 


where  is  the  M  matrix  as  defined  previously,  except  that  4^,  ^ 
replaces  <?k>  AR. 

q  A  ,  =  Geodetic  Positions  of  the  desired  origin  (usually  the 

L  L 

Launcher) 
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and  is  the  rotational  matrix  that  orients  the  system  to  the  line  of  fire. 


(cosA  sinA  0 


(Az)  »  /-sinA  cosA  0 


where  A  is  the  azimuth  of  fire  frum  true  north  positive  clockwise. 

The  range,  azimuth  and  elevation  may  be  computed  with  respect  to  the 
launcher  by  the  following  equations 

t  2  .  2  2,1/2 

(x.  ♦  y.  +  z.  ) 

D  -  •  J _ _ 31 _ 


.  -1  yj 

a  =  sin  - - - 

LJ  2  2 

(Xj  *  y-)  1/2 


•  -l  j 

e  .  =  sin  - i - 

kJ  2  2  2 

(x/  *  y*  *  .,*>  W 
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AN/FPS-16  DATA  CORRECTION  SHFET 
INFORMATION 

INSTRUMENTATION  RADAR  NO. _ _ DATE _ 

TARGET _ _ _ ROUND  NO. _ OPERATION _ TIME 

AZIMUTH  OCTAL _ _  DATA  SAMPLING  RATE _ 

REMARKS: 


IN  AUTO 

CORRECTION  DATA _ 

WET  BULB 

DRY  BULB 

PRESSURE 

SKIN  GATE  OCTAL 

BEACON  DELAY 

DEVIATIONS  FROM  VERTICAL  CROSS  HAIR 

A1 

- A2 — 

E1 

E2 
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DERIVATION  OP  P'jW-POINT  TEMPERATURE 

The  dew-point  temperature,  Tp,  is  defined  *3  the  temperature  to  which 
moist  air  must  be  cooled,  while  keeping  both  pressure  and  mixing  ratio 
constant,  until  the  moist  air  just  reaches  saturation  with  respect  to  the 
water.  The  dew-point  temperature  can  be  expressed  as.  a  function  of  the 
partial  vapor  pressure  of  humid  air,  ep,  which  in  turn  is  found  from  the 
wet  bulb  temperature,  dry  bulb  temperature  and  mixing  ratios. 

The  basic  relationship  used  to  express  the  dew-point  temperature  in  terms 
of  partial  vapor  pressure  is  derived  from  the  Clausius-Clapeyron  equation, 

(sometimes  called  simply  the  Clapeyron  equation) .  Whenever  a  substance  changes 
phase  (molts,  freezes,  evaporates  or  condenses)  a  quantity  of  heat  must  be 
supplied  or  taken  away  from  the  substance  while  the  temperature  retrains  constant. 
This  quantity  is  called  the  latent  heat  (L)  of  the  phase  change.  If,  for  example, 
as  in  the  computation  of  dew-point  temperatures,  the  two  phases  are  water  and 
vapor  respectively,  then  L  is  the  latent  heat  of  evaporation.  The  Clausius- 
Clapeyron  equation  relates  this  latent  heat  to  the  discontinuous  change  in 
volume  accompanying  a  phase  change  and  to  the  slope  of  the  curve  of  saturation 
vapor  pressure  vs.  temperature: 

L  -  (v2  -  Vl)  T  (1) 


where  V2,  vj  -  specific  volume  of  vapor  end  water  respectively 
es  *  saturation  vapor  pressure 
T  *  temperature. 


••hen  the  specific  volume  of  vapor  is  much  greater  than  that  of  water, 
(i.e.,  V2  »  vj),  and  the  vapor  is  assumed  to  obey  the  perfect  gas  law  PV  ■  RT, 
R  being  the  gas  constant  for  vapor,  equation  (1)  can  be  written  in  the  form: 

des  .  L  dT 
es  *  TW 


Assuming  that  the  latent  heat  is  a  function  of  temperature,  L  ■  b-cT, 
equation  (2)  can  be  integrated  to  give 

In  es  *  -  — lL_  -  — L.  In  (T)  ♦  Constant  (3) 

RT  R 


or,  letting 
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c 

r< 


» 


A  -  the  constant  of  integration. 


In  es 


-  C  in  (T) 


Substituting  numerical  values  for  the  constants,  and  measuring  the 
temperature  in  °K,  the  value  of  the  saturation  vapor  pressure,  e*,  in 
centibars  is  found  from 

In  3S  mf-  67£?:,fL.  .  4.9283  In  (T)  .  51.9274} 

\  T  J 

Converting  to  common  logarithms  equation  (S)  becomes: 
log  es  -  -  4.9283  log  (T)  ♦  22.5518) 


or  equivalently: 


lo,  -  T122.5518  -  4.9283  lo,  TO]  -  2937,4 

T 


An  expression  for  log  (T)  is  found,  assuming  the  mean  of  the  expected 
temperature  range  to  oe  280*K. 


log  (T) 


■  log 

\  280  / 

■  log  e  In  ^ 


♦  log  v280) 


\ 


j  *  log  (280) 


(5) 


(6) 


(7) 


(8) 


-  .43429  In 


(—) 

\  280  / 


*  log  (280) 
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A  series  expansion  for  lrt-  —  j  when 

\  280 


f— V JL 

\  280  y  2 


,  neglecting 


higher  order  terns  which  are  insignificant,  yields 


<ft  ‘ 

-"*■*  ln  (. 


/  T  . 
280 

T 

\  280 


Substituting  equation  (9)  in  equation  (8)  yields 


lo^  (T)  -  .45429 


/.  280.) 

V  "~T  ) 


♦  2.44716731 


Using  this  expression  in  equation  (7)  gives  the  equation  for  saturation 
vapor  pressure  as  a  function  of  tenperaturo : 


log  es 


T |^22.SS18  -  4.9283  [.43429  ^1  -  *  2.4471673l]j  -  2937.4 


-  t[22.SS18  -  4.9283  (2.44716731)  -  2.0910284  (l 


2937.4 


T  (8.4051)  -  2353 
T 


Proa  this  equation  it  can  be  seen  that*  the  dew-point  teaperature,  Tq»  is 
related  to  the  partial  vapor  pressure  of  humid  air,  ep,  in  centibars,  by: 


8.4051  -  log  ep 


The  part’  t  vapor  pressure  is  found  from  tl_ ,  wet  bulb  temperature,  dry  bulb 
teaperature  a  mixing  ratios.  The  wet-bulb  temperature  is  defined  to  be  the 
temperature  to  which  air  may  be  cooled  by  evaporating  water  into  it  at  constant 
pressure  until  saturated.  The  latent  heat  of  evaporation  is  thought  of  as 
'oming  from  the  air.  The  mixing  ratio,  that  is,  the  ratiu  of  the  mass  of  water 
vapor  present  to  the  mass  of  dry  air  containing  the  vapor,  is  not  kept  constant. 
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If  a  stream  of  air  at  a  certain  pressure,  temperature  and  mixing  ratio 
flows  past  a  thermometer  bulb  which  is  covered  with  a  damp  cloth,  water  will 
be  evaporated  from  the  cloth  by  the  flowing  air.  The  thermometer  bulb  will 
be  cooled  by  the  evaporation.  When  an  equilibrium  condition  is  reached,  that 
is,  when  the  loss  of  heat  by  air  flowing  past  the  wet  bulb  equals  the  sensible 
heat  which  is  transformed  to  latent  he£.t,  the  following  energy  equation  holds: 

(T0  -  T,<)(cp  ♦  wCp * )  -  (w»  -  w'l  Lw  (13) 

where  T0  ■  dry  bulb  temperature  (temperature  of  approaching  air) 

Tw  ■  wet  bulb  temperature  (temperature  of  leaving  air) 

w  *  mixing  ratio  of  approaching  air 

w'  *  mixing  ratio  of  leaving  air  (saturated  mixing  ratio) 

Cp  ■  specific  heat  at  constant  pressure  of  dry  air 

*  cp'  *  specific  heat  at  constant  pressure  of  water  vapor 

L*  ■  latent  heat,  of  vaporization  at  wet  bulb  temperature 

T0  and  Tw  are  in  degrees  absolute. 

The  mixing  ratio,  w,  is  found  from 


(14) 


where 


i 


pw  » 


mw  10  ep 
~™*RT 


density  of  water  vapor 


Pd 


n>d  (P  -  10  ep) 
RT 


density  of  dry  air 


and  ep  is  in  centibars  and  P  is  in  millibars. 

•  apparent  molecular  weight  of  dry  air  ■  28.966 
my  *  apparent  molecular  weight  of  water  *  18,0159 


then 


ntyi/md  ■  0.62197 

6.22  ep 

x  *  — . . . 

P  -  10  eP 


(15) 
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The  value  of  the  saturation  nixing  ratio  is  defined  to  be  the  maximum 
value  w  may  have  at  a  specified  temperature  and  pressure: 

,  6.22  e5 

w'  ■  ■  — . 

P  ■  10  «j 


;-&) 


where  es  »  saturation  vapor  pressure  in  centibars 
P  *  pressure  in  millibars. 


Solving  equation  (13)  for  w. 


V  -  (T0  -  Tw)  JL. 

w  -  - . - - - ai—  (17) 

-i-  (To  -  Tw)  ♦  1 

“W 

Equating  equations  (IS)  and  (17)  and  solving  for  ep  yields 

[«’  -  (To  *  Tw)  -g-j  P  (18) 

10  -  (T0  -  Tw)  -  .622  ♦  6.22 

where 

cp  *  1  003  joules/gram/*K 
Cp'  »  1.81  joules/gram/*K 

•  (2502  -  2.38  Tw),  but  since  L*  varies  only  slightly  with  the 
temperature,  L  =  2502  joules/graa. 


Substituting  these  values  in  equation  (18)  yields  the  solution 

[w*  ♦  (T0  -  Tw)  (-4  x  10-**))  P 
Cp  "  10  (W  +  (T0  -  TW)(4.S  X  10-5)]  ♦  6.22 


(19) 
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A  very  close  approximation  to  this  may  be  found  by  assuming  in  equation 
(17)  that 


(v(VV“) 

Then  [w'  ♦  (T0  -  Tw)(-4  x  10'4*)]  P 

*P  10  [w*  ♦  (T0  -  Tw)(-4  x  10-"))  ♦  6.22 

which  is  used  in  the  redv.,cion  of  the  dew-point  temperature. 
Prom  equations  (11)  and  (16)  it  is  easily  seen  that 


6.22  log”1  [t 

{.4051  -  . 

2353  1 

-  Tw  J . 

P  -  10  log"1 

8.4051  - 

2353"| 

Tw  -1 

(20) 


(21) 


If  Ta  -  W 

Tb  -  (-4  x  10"**)  (T0  -  Tw)  «  4  x  10““  (Tw  -  T0) 
then  equation  (18)  becomes 

-  (T«  4  Tb)  p 

P  10(Ta  ♦  Tb)  ♦  6.22 


where  ep  is  in  centibars. 

Substituting  equation  (22)  into  equation  (12),  the  dew-point  temperature 
becomes 


Td 


8. 4051 


log 


2353 _ 

(Ta  ♦  Tb)  P 
L  10(Ta  ♦  Tb)  ♦  6.22  . 
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LAUNCHER  DATA 


Introduction 


Launcher  data  provide  the  distance  a  missile  moves  along  its  launcher, 
and  the  velocity  and  acceleration  of  the  missile  along  the  launcher.  The 
data  are  obtained  from  a  high  speed  fixed  camera.  A  fixed  camera  may  be 
defined  as  a  camera  that  utilizes  a  fixed  field  of  view  for  photographing 
missile  flights.  The  fixed  cameras  used  to  obtain  these  data  at  WSMR  may 
be  high  speed  70am  or  high  speed  Mitchell  cameras. 

The  procedure  involves  finding  the  distance  the  missile  travels  along 
the  launcher  when  given  the  distance  the  missile  image  moves  along  the 
image  of  the  launcher  in  the  film  plane. 


Film  Reading: 

The  film  is  rr'ad  on  the  Telereadex  (which  is  described  in  the 
cinetheodolite  section). 

To  aid  in  simplifying  the  reduction  the  camera  is  tilted  through  an 
angle  equal  to  the  elevation  angle  of  the  launcher.  The  top  edge  of  the 
launcher  image  is  then  parallel  to  the  lower  edge  of  the  film  frame.  The 
contractor  places  tapes  of  a  certain  width  along  the  launcher  at  fixed 
intervals.  The  edge  of  one  of  these  tapes  is  chosen  as  an  origin  for  the 
film  measurement. 

The  film  is  road  in  the  following  manner: 

a.  The  telereadex  is  zeroed  on  the  first  visible  tape, 

b.  Machine  counts  are  read  from  the  zero  tape  to  three  other 

tapes. 

c.  A  reference  point  is  chosen  on  the  missile.  Starting  two 
frames  before  blast,  and  without  re-zeroing,  this  reference  point  is  read 
and  the  machine  counts  recorded  for  each  frame  until  the  missile  leaves  the 
launcher. 

Standard  IRIG  timing  (Format  A)  is  used  on  the  film. 
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Mathcmatju.  -  "  —  yntion: _ 

In  the  following  derivation,  reference  is  made  to  the  figure  below: 


Line  xp  is  the  x-axis  of  the  film  plane 
Line  xl  is  the  x-axis  of  the  launcher  plane 

ST  is  the  optical  axis  of  the  camera  and  is  perpendicular  to  xp 

A  is  the  focal  point  of  the  camera 

y  is  the  unknown  distance  on  the  launcher 

x  is  the  projection  of  y  on  the  film 

BD  is  parallel  to  xp  by  construction 

0  is  the  angle  between  the  launcher  and  the  film  plane 


a  •  90°  ♦  $ 

B  »  90*  -  (0  ♦  ♦) 


Since 


then 


AABD  — '  AAOC 

BD  L 
X  "  P 


By  Applying  the  law  of  sines  to  ABD£  we  find 

y  .  BP 
sin  o  sin  B 


y  BD 

sTn  (90^  ♦  ♦)  "  "sln'TS'ff’”  TF*TH 


y  a  BD 

cos  4  *  cos  (e  ♦'  4) 


BD  cos  4 
y  “  ~cos  (6  ♦  4) 


_  BD  cos  4 _ _ 

y  "  cos  8  cos  4  -  sin  9  sin  4 


By  substituting  equation  1  in  equation  2 
L 

-p—  x  cos  4 

y  M  cos  8  cos  4  -  sin  8  sin  4 
x 


y  «  — p- 


cos  6  -  -j—  tan  4  sin  6 


Frow  the  right  AASC  in  Fig.  1  it  is  seen  that 


„  „  ^  x  *  Ax 
tan  4  ■  - p - 
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by  substitution 


x 


where  a  and  b  are  constants, 
then  equation  (4)  becomes: 


Since  the  distance  (y)  between  the  tapes  on  the  launcher  is  known 
and  the  corresponding  values  ot  x  are  read  on  the  film,  the  values  of  x 
and  y  may  be  substituted  in  equation  (5)  for  two  distances  thus  obtaining 
two  equations,  a  and  b  may  be  solved  for  in  the  following  manner : 

If  yi  is  the  known  distance  from  the  origin  on  the  launcher  to  the 
i**1  tape  and  xi  is  the  corresponding  measured  distance  on  the  film,  then 

*1 

yl  "  a  ♦  b  x* 
x2 

y 2  a  *  b  X2 


a  yj  ♦  b  xj  yi  *  xj 


a  y2  ♦  b  x2  Y2  -  *2 
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These  values  may  be  substituted  in 


as  a  check  on  the  computation. 

The  a  and  b  are  then  substituted  in  the  equation 

n  - 

where  yt  is  the  distance  the  missile  has  moved  at  time  (t)  and  xt  is  the 
corresponding  value  of  yt  on  the  film. 

Velocity  and  acceleration  may  then  be  computed  as  described  in  the 
Velocity  and  Acceleration  section. 
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c.  ATTITUDE  DATA 


c.  attitude  data 


I  Talascope  Orientation  Systas  for  Hialeval 
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TELESCOPE  ORIENTATION  SYSTEM  FOR  MISLEVEL  CORRECTION 


Four  target  boards  have  been  placed  an  equal  distance  from  and  approxi¬ 
mately  every  90*  about  each  telescope  camera.  Each  target  board  contains 
two  diamond  shaped  targets  (Fig.  1)  and  has  been  set  up  so  that  a  line  through 
the  center  of  the  two  diamonds,  which  we  will  call  the  target  axis,  is  precisely 
parallel  to  the  local  tangent  plane  of  the  camera. 


Immediately  before  each  missile  firing  having  a  requirement  for  attitude 
data,  orientation  shots  are  taken  for  each  camera.  This  is  done  by  sighting 
the  telescope  on  each  of  the  four  target  boards  in  turn  and  photographing  them. 
The  data  from  these  orientation  shots  from  each  telescope  are  used  to  determine 
the  mislevel  of  that  particular  camera,  the  phase  angle  of  this  mislevel,  and 
the  frame  edge  referencing  correction.  These  constants  and  the  position  data 
of  the  missile  are  then  used  to  find  the  correction  to  be  applied  to  the  V-angle 
reading  of  the  missile.  The  calculation  of  this  mislevel  correction  also  re¬ 
quires  the  surveyed  azimuth  and  elevation  angles  from  the  camera  to  the  target 
board  in  the  WSTM  system,  the  launcher  and  camera  coordinates  in  the  WSCS  system 
and  the  azimuth  of  fire  to  which  the  position  data  are  referenced. 

The  coordinate  system  used  in  the  reduction  of  the  missile  position  data 
is  defined  as  the  XYZ  system  (launcher  tangent  plane).  In  deriving  the  equations 
for  this  orientation  system  it  is  necessary  to  set  up  a  new  coordinate  system, 
X'Y*Z'.  The  X'  axis  is  positive  along  the  line  of  sight  from  the  camera  to  the 
target  board.  The  Y'  axis  lies  in  the  film  plane  perpendicular  to  the  X'  axis 
and  is  directed  positive  to  the  right  and  parallel  to  the  XY  plane.  The  Z' 
axis  also  lies  in  the  film  plane  perpendicular  to  the  X'Y'  plane,  and  positive 
up.  (Fig.  Z). 
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T 


The  V-angle  is  measured  clockwise  from  the  2'  axis  to  the  target  axis 

image. 

We  will  first  consider  the  target  axis.  If  the  surveyed  azimuth  and 
elevation  angles  from  the  camera  to  the  jth  target  are  asj  and  esj  then  the 
azimuth  and  elevation  angles  of  the  jth  target  axis  in  the  local  tangent  plane 
of  the  camera  are: 

otj  •  asj  *  90° 

ctj  -  0 

The  direction  cosines  of  the  jtb  target  axis  in  the  local  tangent  plane 

are: 


aj  *  cos  a^j 
bj  »  sin 


These  direction  cosines  are  then  rotated  into  the  launcher  tangent  plane 
by  the  following  rotational  matrices: 


faLjs 

|V| 

Hi 

-  [A]  [R] 

bi 

\cLjJ 

w 
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where 


cos  A  sin  A  0 


[A]  ■  -sin  A  cos  A  0 


and  A  is  the  aiiauth  of  fire  to  which  the  position  data  are  referenced. 


"cos  sin  ak  0  cos  ck  0 
l]  3  -sin  ojj  cos  0  0  1 

0  0  1  sin  cic  0 


-sin  ek“]  [cos  -sin  (F 
0  3in  ok  cos  ak  0 
cos  ev  0  0  1 


"sin2  ajj  ♦  cos2  ak  cos  ek  sin  ak  cos  (cos  e^-l)  cos  ak  sin  cj, 

sin  aj.  cos  ak  (cos  ek-l)  cos2  ♦  sin2  <*k  cos  sin  ak  sin  cjj 


cos  ak  sin  ek 


•sin  ak  sm  ek 


where  ak  and  ek  are  the  angles  thru  which  the  direction  cosines  of  the  target 

axis  are  rotated  to  obtain  the  direction  cosines  in  the  launcher  tangent  plane. 
The  angles  are: 


-  - 


ty.  *  tan* 


Pk  -  XL)2  >  (Yk  -  Y  Q‘ 

0  +  zk  '  h 


where  Xk,  Yk,  \  =  *^CS  coordinates  of  tne  \  *  camera 
XL»  vL.  =  WSCS  coordinates  of  the  Launcher 

p  ■  radius  of  curvature  from  the  launcher  to  the  k**1  caaera 
The  radius  of  curvature,  p,  is  found  froa  the  following  equation: 


-  ■  ™ .  . _ s _ 

R  sir.2  ak  ♦  N  cos2  ak  ^  sin2  ak  *  j 
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where 

R  ■  .adius  of  curvature  in  the  WSCS  origin  meridian  *  20,847,227.51  ft. 

N  ■  radius  of  curvature  in  the  prime  vertical  ■  20,346,965.81  ft. 

It  is  now  necessary  to  obtain  the  surveyed  azimuth  and  elevation  angles 
of  the  target  board  in  the  launcher  tangent  plane. 

* 

The  direction  cosines  of  the  surveyed  azimuth  and  elevation  angles 
from  the  camera  to  the  jth  target  board  in  the  local  tangent  plane  are: 

aSj  •  cos  aSj  cos  csj 

bsj  •  sin  asj  cos  csj 

cSj  -  sin  eSj 


These  direction  cosines  are  rotated  into  the  launcher  tangent  plane  by 
the  following  rotational  matrices: 


8  li 

b  *  L  j 

•  [A]  [R] 

bSj 

c'l>j 

v  y 

whore  the  rotational  matrices  [A]  and  [R]  are  as  previously  defined  in  equations 
(2)  and  (3). 

The  surveyed  azimuth  and  elevation  angles  in  the  launcher  tangent  plane  aTe: 


ct’sj  *  tan-1 
t'si  *  tan"1 


(8) 

(9) 


Now  that  we  have  the  direction  cosines  of  the  target  axis  and  the  surveyed 
angles  from  the  camera  to  the  jth  target  board  in  the  launcher  tangent  plane 
(X,  Y,  Z  system)  we  will  rotate  the  direction  cosines  of  the  jtb  target  axis 
into  the  X’Y’Z1  system  by  the  following  rotational  matrix: 


104 


r i>r 
!  J 

j  cos 

a'sj  cos  e * s j 

sin  a'sj  cos  c * s j 

sin 

c'sj 

r- 

1  *4 

b 

u 

-sin 

“'sj 

cos  a'sj 

0 

b4 

\r  ♦ . 
l!  jj 

-cos 

a’sj  c'sj 

-sin  a'sj  sin  e'sj 

cos 

e’si 

Aj 

f.  L 

The  true  V-angle  of  the  j  target  axis  in  the  X'Y'Z'  system  is: 


The  telescope  may  not  be  level,  that  is,  the  vertical  axis  about  which 
the  camera  rotates  may  not  be  parallel  to  the  Z  axis  of  the  reference  system. 

Thus  the  Y'  axis  would  not  remain  parallel  to  the  XY  plane.  This  results  in 
a  V-angle  error  which  will  vary  as  the  camera  rotates  in  azimuth  and  may  be 
expressed  in  terms  of  L,  the  angle  of  maximum  tilt  or  mislevel,  and  t^ie 
phase  angle  in  the  azimuth  plane  at  maximum  tilt.  AI30,  the  V-angle  reading 
’•eference  axis  (frame  edge)  may  not  be  perpendicular  to  the  Y’  axis.  This 
error  may  be  expressed  as  AvQ.  These  errors  are  determined  in  the  following 
manner: 

Assume  that  the  error  equation  is  of  the  form: 

AVj  -  (Vtj  -  Vj)  "  Ay0  ♦  L  cos  (a'5j  -  *L)  (12) 

L  «  maximum  tilt 

*  phase  angle  of  maximum  tilt 

a'sj  *  azimuth  angle  from  the  camera  to  the  j**1  target  board  in  the 
(  launcher  tangent  plane 

Vtj  ■  true  V-angle  of  the  jth  target  axis 
Vj  *  observed  V-angle  of  the  target  axis 

Equation  (12)  may  be  written  as: 

AVj  “  AVo  *  M  sin  a’Sj  ♦  N  cos  a'Sj 
where  M  *  L  sin 
N  ■  L  cos 
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Using  the  least  squares  solution  the  following  Matrices  are  formed: 


I  sin  a's, 

J 

l  sin2  a'sj 
I  sin  a'Sj  cos  s's^ 


t  co»  n'S;  ]  pvjj 

I  sin  a'sj  cos  v 

Z  cos2  a' jj  j  j_N_ 


rEAVj 

! 

SAyj  sin  a' 
|_EAVj  TO*  'x' 


where  n  ■  number  of  targets  used. 

Ayo,  M  and  N  ar®  then  solved  for.  These  values  are  substituted  in  the 
following  equation  to  obtain  the  correction  (Avi)  to  be  applied  to  the  itn 
V-angle  reading  of  the  tele>eope: 

AVi  *  AV0  ♦  M  sin  «i  ♦  N  cos  oj 

where 

«i  ■  tan”1 

Xa,  Ya  ■  coordinates  of  the  aissile  at  the  i*1*  tiae. 

Xc,  Yc  *  launcher  tangent  plane  coordinates  of  the  k**1  telescope. 
Then  the  corrected  V-angle  is  given  by 
Vt  •  VJ  ♦  AVi 

The  Vj 's  are  then  used  as  input  data  for  the  N-station  attitude 
reduction.  , 
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Computational  Order  of  Formulae 


Compute 


[A] 


the  rotational  matrix 
j~  cos  A  sin  A 

*  j-sin  A  cos  A 


0  0 


0 

0 

1 


where  A  is  the  azimuth  of  fire  to  which  the  position  data  of  the  missile  are 
referenced. 

Compute  for  the  camera: 


1.  cxk 


tan 


iLJLlk 

-  Xr 


where 


Xk,  Yk  »  =  WJCS  coordinates  of  the  KUl  camera 

XL#  Yl  •  =  WSCS  coordinates  of  the  Launcher 


2.  The  radius  of  curvature,  p,  from  the  launcher  to  the  kth  camera 


(-M 


sin2  ak  ♦  1 


where 


R  -  20,847,227. SI  ft. 

N  -  20,946,965.81  ft. 

[(Xk  -  XL)2  ♦  (Yk  -  YL)2]< 


3.  ek  •»  tan 


-1 


0  +  Zk  ’  ZL 


4, 


[R]  - 


sin2  ak  ♦  cos2  ak  cos  ck 
sin  ak  cos  ak  (cos  ek-l) 
-cos  sin  ek 


sin  ak  cos  ak  (cos  CJc-I) 
cos2  ♦  sin2  ak  cos 

-sin  sin  ek 


i] 


cos  ok  sin 
sin  ok  sin  ekl 
cos  ck 
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Compute  for  each  target  about  the  k**1  camera: 

1.  Azimuth  and  elevation  angles  of  the  target  axis  in  the  local 
tangent  plane. 


°tj  *  °Sj  ♦  90* 

Ctj  "  0 

where  oSj  is  the  surveyed  azimuth  angle  from  the  camera  to  the  jtb  target-  board. 

2.  Direction  cosines  of  the  jth  target  axis  in  the  local  tangent  plane 
aj  »  cos  atj 

bj  ■  sin  a^j 

Cj  •  0 

3.  Direction  cosines  of  the  jth  target  axis  in  the  launcher  tangent  plane 


'8LiN 

bLi 

VcLi/ 


-  [A]  [R] 


>1 

J 


A,  Direction  cosines  of  the  surveyed  azimuth  and  elevation  angles  from 
the  camera  to  the  jth  target  board  in  the  local  tangent  plane. 

asj  *  cos  aSj  cos  c,j 

b$j  ■  sin  aSj  cos  c*  j 

cSj  -  sin  cSj 

S.  Direction  cosines  of  the  surveyed  angles  in  the  launcher  tangent  plane. 


^*SjN 

b4 

-  [A]  [Rj 

I 

bSj 

UJ 

1 

VCSj  J 
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6.  Surveyed  angles  in  the  launcher  tangent  plane 


r  tan”1 


tjj  »  tan”1 


1 


7.  Direction  cosines  of  the  target  axis  in  the  X’Y’Z'  system. 


r  » 

cos  o'  cos  Cjj  sin  o^  cos  sin  c J," 

J 

V 

bj 

m 

-sin  cos  0 

b4 

_cj_ 

-cos  Ojj  sin  -sin  sin  c^  cos  e^ 

fLL 

8.  True  V-angle  for  the  jtl1  target  axis. 


9.  AVj  -  Vtj  -  VJ 


vj  ■  observed  V-angle  of  the  target  axis, 

» 

For  the  ktl1  caaera  compute: 

1,  AV0,  M  and  N  are  from  the  following: 


f  9 

n  E  sin  aSj  E  cos  aSj 

~AVo 

— 

I  AVj 

sin  a  j  j  E  sin2  E  sin  o ^  cos 

M 

- 

EAVj  sin  o ^ 

cos  E  sin  e^  cos  o^j  E  cos2 

N 

EAVj  cos  o^ 

n  ■  nuaber  of  targets  used. 
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For  the  i^  position  data  of  the  missile  compete: 

1.  Azimuth  of  the  kt^1  camera  with  respect  to  the  i**  missile  position 


\  / 


where  X^,  Ya  *  coordinates  of  the  missile  at  the  i^  time 

Xc,  Yc  ■  launcher  tangent  plane  coordinates  of  the  k**1  camera. 


2.  The  V-angle  correction  (aV*)  to  be  applied  to  the  ith  observec 
V-angle 

AVj  ■  AV0  ♦  M  sin  ♦  N  cos 

3.  The  corrected  V-cr.glo  at  the  i'-*1  time 
Vi  •  Vf  ♦  kV{ 

where  V*  ■  observed  V-angle  reading  at  the  1th  time. 


c.  ATTITUDE  DATA 


II  N-Station  Attitude  Reduction 
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^-Station  Attitude  Solution 


In  this  N-StatJon  Attitude  Solution  a  least  squares  procedure  is  employed 
twice.  In  the  first  application  the  residuals  are  functions  of  the  V-ang-ies. 
The  attitude  resulting  from  the  first  least  squares  procedure  is  then  further 
refined  by  minimizing  the  sum  of  the  squares  of  the  errors  in  the  V-angles. 

The  coordinate  system  used  in  the  reduction  of  tho  position  data  is 
defined  as  the  XYZ-systen.  In  deriving  the  equations  it  is  necessary  to  set 
up  a  new  coordinate  system  X*,  Y',  V  .  The  V  axis  is  positive  along  the  line 
of  sight  from  the  camera  to  the  missile.  The  Y'  axis  lios  in  the  .  ilr.  plane 
perpendicular  to  the  X*  axis  arid  directed  positive  to  the  right  ar.c  parallel 
to  the  XY  piano.  The  V  axis  also  lies  in  the  film  plane  and  is  perpendicular 
to  the  X'Y*  piano  and  positive  up. 

In  this  coordinate  system  the  direction  cosines  of  the  vector  lying  along 
the  missile  image  are  sine  and  cosinp  functions  of  the  V-anglel  The  V-anglo 
is  measured  clockwise  from  the  Z'  axis  to  the  missile  image.  These  direction 
cosinos  may  be  rotated  into  the  XYZ-system  by  the  following  rotational  matrices. 


/cos  oji  cos  -sin  -cos  sin 

f  °  1 

ni 

»  jsin  cos  ei  cos  -sin  a*  sin  ej 

sin 

(sin  Ci  0  cos  ti  ^ 

cos 

lj.,  mi#  nj  are  the  direction  cosines  of  the  image  vector  in  the  XYZ-system. 
ej,  are  the  azimuth  and  elevation  angles  of  the  missile  with  respect  to  tho  ith 
station. 

The  following  figure  represents  the  situation  that  exists  at  each  station: 
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Preceding  page  blank 


> 


t  is  perpendicular  tb  tiib  projection  of  the  missile  axis  arfd  since  it 

lies  in  the  Y*Z*  plane  it  is  also  perpendicular  to  X'.  t  is  perpendicular 
to  the  plane  determined  by  iho  missile  axis  and  the  line  of  sight  and  is 
therefore  perpendicular  to  tf*e  missile  axis  itself.  The  direction  cosines 
of  t  in  the  X'Y'Z'  system  are  0,  cos  Vj,  -sin  Vi  and  the  direction  cosines 
(ui#  vi*  wi)  °”  ^  in  the  XYZ  system  are  obtained  as  follows. 


'cos  oi  cos  ti  -sin  Oi  -cos  sin  ejN 

f  o  \ 

Vi 

9 

sin  Oi  cos  ei  cos  «i  -sin  ai  sin  ei 

cos  Vi 

wi 

sin  Ei  0  cos  r-i 

-sin  Vi 

V  j 

V  ) 

If  am,  b„,  Cg  denote  the  direction  cosines  of  the  missile  axis  then 

°i  ♦  ba  Vi  ♦  c*  wi  *  cos  *;  (lj 

(f  is  the  angle  between  the  aissile  axis  sni  t.  Therefore,  equation 
(1)  becoaes 

am  ui  ♦  vi  ♦  «m  '  i  •  0  (*) 


The  function  to  be  ainiaized  is  the  sum  of  the  squares  of  the  residuals. 
The  residuals  are  the  cos  +i,  which  would  be  zero  if  no  errors  were  present. 

The  least  squares  sum  to  be  ainiaized  becomes 

S  r  E(0  -  a,,  ui  -  bm  Vi  -  c„  wi)2 


and 


as 

3am 

as 

3b_ 


as 

ac 


•  0  ■  2(8,,  £Ui2  ♦  bB  ZUi  Vi  ♦  Cj  ZUi  Wi) 

» 

-  0  ■  2(an  Eui  Vi  ♦  bn  IVi2  ♦  cM  EVi  Wi) 
»  0  »  2(an  Eui  wi  ♦  bn  Evi  «i  +  c*  Ewi2) 


ra 


The  simultaneous  equations  are  represented  by 
a,,  EUi2  *  b*  EUi  Vi  ♦  cB  Eui  Wi  »  0 

an  Eui  Vi  ♦  b*  ZVi2  ♦  c*  Evi  wi  *  0 

am  Eux  Wi  ♦  bj,  Evi  Wi  ♦  cQ  Ewi2  «  0 


(3) 
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Any  combination  of  two  of  the  above  equations  is  sufficient  to  yield 
a  non-trivial  solution  for  a^,  b*,  cB  provided  that  at  least  two  t  vectors 
are  not  parallel. 

The  proportional  relationship  between  the  direction  cosines  in  any  one 
of  the  three  possible  solutions  is 

anibjiSCB  -  p:q:r 

Solving  the  first  two  equations!  p,  q  and  r  become 


Eui  vi 

EUi  Wi 

EVi2 

Evi  Wi 

Euj2 

Eui  Wi 

EUi  Vi 

Evi  Wi 

EUi2 

Eui  Vi 

I«i  Vi 

Evi2 

Then  if  D«  *  J  p2  ♦  q2  ♦  r2  p*  q  and  r  are  direction  numbers , 

*m  «  “fr 

bm  ■  “J" 

r 

cm  "  *TT 


Since  D  has  both  a  positive  and  negative  value  it  is  necessary  to  deter¬ 
mine  the  correct  signs  of  aB,  b*,  cB.  Assuming  that  D  is  positive  the  correct 
signs  may  be  readily  found. 

The  direction  cosines  of  one  of  the  missile  axis  projections  give  rise  to 
the  following  equation: 

li  ®s  ♦  *i  bm  *  ni  c*  ■  cos  6i  (4) 

where  0^  is  the  angle  between  the  missile  axis  and  its  projection  in  the 
film  plane.  6}  is  always  an  acute  angle.  Therefore 

li  »m  *  »i  b*  +  ni  c»  >  0  (5) 
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In  the  event  chat  cos  6}  is  close  to  zero  this  equation  is  invalid  for 

that  particular  station.  Therefore,  it  is  advisable  to  check  at  least  two 
of  the  stations  in  the  following  Banner. 

If  (li  aj|  ♦  *i  bj|  ♦  ni  c«)  >  0  for  both  stations  then  tfee  signs  of  the 
direction  cosines  are  correct. 

If  (li  a*  ♦  Bi  bg  ♦  ^  c*»)  ^  0  for  both  stations  then  the  signs  of 
c*  Bust  be  changed. 

If  the  (1^  a,  *  ct  b,  ♦  ni  c*)  froa  the  two  stations  are  opposite  in 
signs,  the  station  with  the  larger  absolute  value  of  (Xi  a,  ♦  aj  b»  ♦  ni  Ca) 
is  used  to  determine  the  correct  signs  of  the  direction  cosines,  by  use  of 
the  above  logic. 

The  approximate  attitude  angles  Bay  now  be  obtained  by  using  the 
direction  cosines  of  the  aisslle  axis. 


a a*  «  tan”* 


®B 


■  tan”1 


c* 


[a2m  ♦  b2m]^ 


(6) 

(7) 


We  now  attempt  to  compute  a  "most  probable  attitude".  The  function  to 
be  minimized  is  the  sum  of  the  squares  of  the  angular  residuals.  The  angular 
residuals  are  the  differences  between  the  measured  V-angles  and  the  Bost 
probable  V-angles.  The  most  probable  V-angle  may  be  expressed  as  a  function 
of  the  most  probable  aissile  attitude  and  station  location. 

Since  to,  bm,  cm  are  the  direction  cosines  of  thertssile  axis  in  the 
XYZ-system,  the  direction  cosines  of  the  aissile  sxis  in  the  X’Y'Z’-system 


aay  be  obtained  by  the  following 

rotation: 

ft? 

^cos  ai  cos  ti 

xin  ai  cos  «i  sin 

^*bn 

b'm 

• 

-sin  ai 

cos  ai  0 

bm 

^5 

^pos  ai  sin  ci 

-sin  ai  sin  ci  cos 

and  it  is  easily  seen  that 

„  .  b’a  -a,  sin  ai  ♦  b»  Ml  ai 

tan  Vi  ■ . » . . . — . . —  .  . . — -  ■  . .  —  ■ ...  (j) 

c'a  -*a  cos  ai  sin  ei  -  bm  sin  oi  sin  c£  ♦  ca  cos  ci 

whore  Vj*  is  th©  most  probable  V-angle. 
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The  cost  probable  missile  attitude  is  an  approximate  attitude  plus  a 
small  change  in  attitude.  By  the  use  of  a  Tayior’s  series  expansion,  where 
A  equals  the  approximate  attitude  and  AA  equals  the  change  in  attitude,  the 
expression  for  the  mot "  probable  V-angle  becomes 


f(A  ♦  AA)  •  f(A)  ♦  AA  f'(A)  ♦ 


AA2 


f”(A) 


(10) 


Since  AA  is  a  very  small  change  all  higher  order  terms  may  be  discarded 
as  negligible  and  the  function  to  be  minimized  becomes 

S  -  r[Vi  -  fi  (A)  -  AAfi*  (A))2  (11) 


If  we  assume  oA*,  eA*  to  be  close  approximations  of  the  attitude,  then 
from  equation  (9) 


fj(Aj  =  tan 


fi(A)  - 

-1 


-a^  sin  ttj  ♦  bB  cos  a j 


•Sh  cos  a*  sin  tj  -  b^  sin  aj  sin  ♦  c,  cos 


and 


AAfj'  (A)  -  Ao 


(-S-)  •  ••  m 


(12) 


(13) 


where 


z Vj* 
m*hr 

avi* 


sin  Vj*  (cos  Vj°  cot  (c^*  -  aj)  -sin  Vj*  sin  ej) 


-sin2  Vj*  cos  tj 


sin  -  aj)  cos2  e^* 


(14) 


(15) 


aj,  ej  are  azimuth  and  elevation  angles  of  the  missile  with  respect  to. the 
ith  station. 

Vj  is  the  measured  V-angle  of  the  ith  station.  Then  substituting  equations 
(12)  and  (13)  in  equation  (11) 
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The  simultaneous  equations  are 


Solving  these  equations  for  Aa  and  Ac,  the  most  probable  attitude 
becomes 

“A  ’  “A*  ♦  Ao  (19) 

CA  *  CA*  *  (20) 

and  c A  then  become  the  new  approximation  of  the  attitude  and  a  new 
most  probable  attitude  is  computed. 

This  process  is  repeated  until 
Aa  S  >01 

Ac  i  .01 

Since  Aa  and  Ac  are  small  the  sua  of  the  squares  of  the  residuals  now 

becomes 

S  -  J(Vt  -  Vi') 2  (21) 
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We  now  proceed  to  the  problem  of  locating  end  rejecting  V-angles 
having  errors  greater  than  the  errors  to  be  expected. 

Using  the  F  test 


where 

*2  (Vi  -  Vi‘)2 


(22) 


.2  S-(Vi  -  Vi*) 2 

°2 - Nkl - 


( 


N  «  Number  of  stations  used  in  the  solution. 


Substituting  in  equation  (22) 


tVi  -  Vi*)2 
1 

s-(vt  -  Vi*)2 

N-l 


F 


If  one  or  more  (Vi  -  Vi*)2  >  F 


"s-(Vj  -  Vj*)2 
N-l 


the  station  with  the  largest  (Vi  -  Vi*)2  is  rejected  and  a  new  attitude  is 
computed.  This  process  is  repeated  until  all 


(Vi  -  Vi*)2  <  F 


S-(Vj  -  Vj*)2 
N-l 


An  approximate  value  of  F  computed  for  the  degrees  of  freedom  encountered 
in  this  solution  is 


F  z  17.44  ♦  IS. 792 


At  this  point  a  further  check  is  made.  If  the  variance  of  the  V-angle 
is  greater  than  the  maximum  allowable  value,  the  station  with  the  largest 
(Vi  -  Vi*)2  is  rejected  and  a  new  attitude  is  computed. 
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The  variances  of  the  V-angles  are  found  by 


S 

N-2* 


(23) 


and  the  variances  of  the  attitude  are  then  computed  using  the  ay  above  and 

the  co-factors  of  the  least  squares  determinant  formed  from  equations  (17) 
and  (18), 

A11  , 


oaf 


(24) 


at 


2  «  J: 22-  a2 


(25) 


where  A  is  the  value  of  the  determinant. 

Definitions  of  symbols  used  in  the  solution 

ai*  ci  *  Azimuth  and  Elevation  angles  of  the  missile  with  respect 
to  the  ith  station. 

xi»  Yi»  zi  “  Coordinates  of  the  ith  station  (same  system  as  the 
missile  coordinates)  with  respect  to  the  launcher. 

Xn,  Ym,  Zm  -  Coordinates  of  the  missile. 

Vi  -  Observed  V-angle  from  the  i**1  station. 

li»  *i#  ni  -  Direction  cosines  of  the  image  vector  in  the  XYZ-system. 

T.  -  Vector  perpendicular  to  the  missile  axis. 

t 

Ui»  vi#  wj  -  Direction  cosines  of  £  in  the  XYZ-system. 

3m.  bjj,  Cjj  -  Directior  cosines  df  the  missile  axis  in  the  XYZ-system. 

bo*  <4  ~  Direction  cosines  of  the  missile*  axis  in  the  X*Y’Z'  system. 

-  Angle  between  the  missile  axis  and  its  projection  in  the  film 

plane. 

aA*,  tf*  -  Approximate  attitude  angles, 

Aa,  Ac  -  Change  in  the  attitude  angles. 

Vi*  -  A  function  of  the  approximate  attitude. 
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<M 


aA*  CA  "  attitude. 

•  variance  of  the  V-angles. 
oaA*  °*a  ”  variance*  of  the  attitude. 
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jk 


COMPUTATIONAL  ORMR  OP  FORMULAE 


■  tan*"* 


ChuLlL) 

-  Xi  J 


(z.  -  zo 

**  •  *“  K* -«*.(*. 


Solva  for  ii,  «i,  «hJ  ni 

fro* 

*i> 

(cot  ai  cos  ci 

-sin  a£ 

-cos  Si  sin  ci' 

m 

|  sin  a^  cos  Ci 

cos  ai 

-sin  ai  sin  ci 

ft 

{tin  ti  . 

0 

cos  «i 

4 

and  Ui,  Vj;  t  and 


^Uj> 

vi 


^cos  oj  co*  *i  -sin 
sin  a*  cos  *i  cos  ai 

ysin  ci  0 


lu^  yj  lu£ 

Ivi2  ZVi 


Lui2 
Eui  yi 


Eui  *i 

EVi 


*“i  Eui  vi 

Euj  Vi  EVi2 


-COS  «i 
-sin  a\ 

COS  Ci 


r  • 


(*) 


*  “fr 

h»  ■  "3" 

*■*  -o’ 


Test 

h  H  ♦  »1  *a  *  "1  «■  >  0 
12  ♦  *2  b,  ♦  0 


0) 

(2) 


(9) 

(10) 
(11) 


(12) 


for  an/  toe  stations. 

If  both  (1)  and  (2)  ars  >0,  a,,  b*,  c*  havo  comet  signs. 

If  both  (1)  and  (2)  art  <  0,  change  signs  of  eg,  b*,  c,. 

If  (1)  and  (2)  aro  opposite  in  sign  take  the  one  with  larger  absolute 
value  of  1*  a*  ♦  bg  ♦  ni  Cg  and  use  the  previous  logic  to  check  signs. 

Solve 


^cos  ai  cos  ci  sin  «i  cos  sin  e^ 

V 

b’a 

m 

»sin  ai  >  cos  ai  0 

bn 

-cos  «i  sin  ci  -sin  ai  sin  ci  cos  c^ 

then  Vi* 


[cos  Vt*  cot  (a** 


-  ai)  -  sin  Vj*  sin  «ij 


»Vj*  |  -sin2  Vj*  cos  cj 
JcA*  *  sin  (oA*  -  ei)  cos'*  <A* 


(13) 

(14) 

(15) 
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Solve  for  Aa  and  Ac  in  the  following  equations 


/aVj 

AaE  --V  ♦  AeE 

V3aA  7  V3cA  /  V3®/ 


I (Vi  -  Vi*) 


,jt*y 


Compute 


°A  "  °A  *  A« 
CA  *  eA*  ♦  Ac 


°A«  eA  now  become  the  new  approximations.  Equations  (13)  thru  (19)  are 
repeated  until 

Aa  j  .01 

Ac  <  .01 

S  -  E(Vi  -  Vi*)2 


Test  if 


(Vi  -  Vi*) 2  >  F 


S-(Vi  -  Vi*)2 


If  one  or  more  (Vi  -  Vi*)2  >  F 


r  s-m  -  Vi*) 2  ~ 

N-l 


reject  the  station  with  the  largest  (Yj  -  Vi*)2  and  recompute  the  attitude 
until  all 


^  -  Vi*)2  <  F 


S-(Vi  -  Vi*)2 


F  g  17.44  *  15,792 


VN- 2  J 


>  225,  reject  the  station  with  the  largest  (Vi  -  Vi*)2 


and  recompute  the  attitude. 
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Coapute 


°V2  •  n§y 

(23) 

««a2  • 

(26) 

02*a  •  -£jt-  a** 

(25) 

where  and  Ki2  ***  the  eofactor*  of  the  lout  squires  defend  amt 
fonsed  from  equations  (16)  tad  (17)  mi  A  is  the  value  of  the  detemaiaeat. 
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APPENDIX  I.  F-test  for  Notation  Attitude 


The  value  of  F  for  the  F-test  for  the  N-station  attitude  program  is  an 
approximate  value  found  by  linear  interpolation  for  values  of  F  in  the 
interval  of  3  to  8  degrees  of  freedom  at  the  97.5%  confidence  level. 

F3  -  17.44 

Fg  »  7.57 


PDF 


17.44  ♦  (7.57  -  17.44) 


•  17.44  ♦ 


(-9.87) 

(-5/24) 


.  i7.44  ♦ 

(5)  (3) 


-  17.44  ♦  J5.792 


DF  in  this  case  is  N-l. 

Therefore, 

Fqp  •  17,44  ♦  15 . 752  ^4  where  N  »  no.  of  stations  used. 


The  difference  between  the  computed  P  using  this  equation  and  F  found 
from  the  tables  is  shown  below: 


DF 

N 

F  computed 

F  table 

3 

25.08 

38.51 

3 

4 

17.44 

17.44") 

4 

5 

13.49 

12.22) 

5 

6 

11.13 

lO.OlJ 

6 

7 

9.55 

8.81 

7 

8 

8 

9 

7,57 

7.57 

9 

10 

10 

11 

6.39 

6.94 

17 

18 

4.44 

6.04 

Most  of  the  data  will 
fall  in  here. 
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C.  ATTITUDE  DATA 

III  Little  Joe  Priaary  Paint  Pattern  Attitude 
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LITTLE  JOE 


Primary  Paint  Pattern  Attitude 


Tnere  are  two  opposing  pairs  of  paint  markers  on  the  base  of  the  Little 
Joe  comcand  module.  That  diameter  of  the  base  which  passes  through  the  centers 
of  either  pair  of  paint  markers  is  designated  as  the  Primary  Paint  Pattern.  In 
Figure  1 ,  either  AB  or  CO  may  be  chosen  as  the  primary  paint  pattern. 


FIGURE  1 


The  attitude  of  the  primary  paint  pattern  on  the  base  may  be  used  by  the 
project  (NASA)  to  obtain  roll  data.  If,  for  some  reason,  the  attitude  of  this 
paint  pattern  is  not  available  it  is  possible  to  obtain  the  data  by  knowing  the 
following  three  things:  (1)  The  attitude  of  any  other  paint  pattern  on  the  module 
surface,  (2)  The  attitude  of  the  module,  and  (3)  The  true  relationship  of  the 
paint  pattern  being  used  to  the  primary  paint  pattern. 

Assuming  we  know  the  attitude  (as,  c.?),  in  the  x,  y,  z  system,  of  a  paint 
stripe  on  the  side  of  the  module,  the  attitude  of  the  module  axis  (an,  e»)  in 
the  x,  y,  z  system,  and  the  actual  angle  (Aa)  between  the  strip  projected  onto 
the  base  and  the  primary  paint  pattern,  we  may  proceed  as  follows: 
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If  the  module  axis  is  rotated  counter-clockwise  about  the  t  axis  through 
the  azimuth  angle  (a®)  of  the  module  and  then  counter-clockwise  about  the  y  axis 
through  an  angle  of  (90°  -  ea)  then  the  module  is  in  a  vertical  position  with 

the  module  axis  parallel  to  the  z  axis  and  the  base  parallel  to  the  xy  plane. 

As  the  axis  is  being  rotated  through  these  angles ,  the  paint  stripe  is  also  being 
rotated  through  the  same  angles.  Therefore,  we  can  obtain  the  direction  cosines 
of  the  stripe  when  the  module  is  in  the  vertical  position  by  rotating  the  direc¬ 
tion  cosines  of  the  stripe 

as  *  cos  es  cos  cs 

bs  «*  sin  Os  cos  cg 

Cs  "  sin  c3 

through  the  following  rotational  matrix 


/a'N 

s 

Scot 

%  -in  cm 

sin  ag  sin  ca 

-cos 

/'&ss' 

bi 

m 

-sin  aa 

COS  Oja 

0 

bs 

\c;J 

v^os 

«»  cos 

sin  Cq  cos  cB 

sin  Cjh/ 

With  the  module  in  this  vertical  position  we  project  the  paint  stripe  onto 
the  xy  piano.  The  direction  cosines  of  this  projection  are 


a?  "  lUg)2  *  (b*)2]*- 


bp  "  [(a;)2  *  (b-)2]l 


Cp  *>  0 

If  the  projection  of  the  stripe  onto  the  base  is  not  coincident  with  the 
primary  paint  pattern  then  the  direction  cosines  of  the  projection  must  be 
rotated  through  the  angle  (Aa)  as  follows: 


4pN 

/cos  Aa  sin  Aa  0'S 

bp 

at 

-sin  Aa  cos  Aa  0 

bP 

vcp^ 

O 

o 
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The  direction  cosines  of  the  projection  of  the  stripe  coincident  with  the 
primary  paint  pattom  are  then  rotated  back  to  the  original  position  by  the 
following  matrix: 


'*pbS 

l^cos  Ojg  sin  cB  -sin  cos  oq  cos  CgX 

hpb 

e 

sin  Og  sin  ea  cos  Og  sin  eta  cos  eB 

bP 

-cos  oig  0  sin 

s*i) 

The  attitude  of  stripe  projected  onto  the  base  of  the  module  and  coinciding 
with  the  primary  paint  pattern  is  then  given  by: 

°A  ■  tan-1  -jEk- 


eA  *  tan-1 


cPb 

(•pi  *  bpb}^ 
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C.  ATTITUDE  DATA 

IV  Little  Joe  Single  Station  Primary  Paint  Pattern  Solution 
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LITTLE  JOB 


Single  Station  Primary  Paint  Pattern  Solution 


The  following  is  a  method  of  determining  the  attitude  data  of  the  primary 
paint  pattern  on  the  base  of  the  command  module  when  the  V-angle  of  the  paint 
pattern  is  available  from  only  one  camera. 

The  position  data  of  the  module,  the  attitude  data  of  the  module  and 
the  V-angles  of  the  primary  paint  pattern  are  required  for  this  reduction. 

The  coordinate  system  used  in  the  reduction  of  the  position  data  is 
defined  as  the  x,  y,  z  system.  In  deriving  the  equations  for  this  attitude 
reduction  it  is  necessary  to  set  up  a  new  coordinate  system  x’,  y?,  z'. 

The  x*  axis  is  positive  along  the  line  of  sight  from  the  camera  to  the  module. 
The  y'  axis  lies  in  the  film  plane  perpendicular  to  the  x'  axis  and  is  directed 
positive  to  the  right  and  parallel  to  the  xy  plane.  The  z’  axis  also  lies  in 
the  film  plane,  perpendicular  to  the  x*y'  plane,  and  positive  up. 

In  this  coordinate  system  the  direction  cosines  of  the  vector  lying 
along  the  paint  pattern  image  are  sine  and  cosine  functions  of  the  V-angles. 

The  V-angle  is  measured  clockwise  from  the  z’  axis  to  the  paint  pattern  image. 
The  direction  cosines  may  be  rotated  into  the  x,  y,  z  system  by  the  following 
rotational  matrix. 


n 

'cos  a  cos  c  -sin  a  -c os  a  sin 

'  0  ^ 

'•  m 

i 

m 

sin  a  cos  e  cos  a  -sin  a  sin  e 

sin  V 

L; 

\  sin  c  0  cos  e  y 

\cos  V/ 

1,  m,  n  are  the  direction  cosines  of  the  image  vector  in  the  x,  y,  z 
system,  a,  e  are  the  azimuth  and  elevation  angles  of  the  module  with  respect 
to  the  camera. 

The  following  figure  represents  the  situation  that  exists  at  the  station: 


£  is  perpendicular  to  the  image  of  the  paint  pattern.  Since  it  lies  in 
cne  y'z'  plane  it  is  also  perpendicular  to  x'.  £  is  perpendicular  to  the  plane  deter¬ 

mined  by  the  paint  pattern  and  the  line  of  sight  and  therefore  is  perpendicular 
to  the  paint  pattern  itself.  The  direction  cosines  of  t  in  the  x^,  y',  z' 
system  are  0,  cos  V,  -sin  V.  Tbs  direction  cosines  (u,  v,  w)  of  L  in  the  y.  z 

system  are  obtained  as  follows: 


cos  a  cos  e  -sm  a  -cos  a  sin  e 


sin  a  cos  e  cos  a  -sin  a  sin  e  cos  V 


sin  c 


cos  c 


-sin  V 


If  ap,  bp,  Cp  denote  the  direction  cosines  of  the  paint  pattern,  then 

8pU+bpV+CpW-  cos  $ 

$  is  the  angle  between  the  paint  pattern  and  £.  Therefore,  equation  (1) 
becomes 

apU+bpV+CpW»0 

am»  bm*  cm  are  tbe  directi°n  cosines  of  the  module  axis  and  are  computed 
from  the  attitude  of  the  module.  Since  the  module  axis  is  perpendicular  to  the 
paint  pattern  then 

»p  »»  +  bp  bm  +  cp  cm  *  0 
.  also  know  that 


*P  *P  +  bP  bP  *  CP  C?  '  1 


»\.e ,-cfore  we  have  three  simultaneous  equations  with  three  unknowns. 

*P  *P  +  bP  bP  *  °P  CP  -  1 
ap  u  ♦  hp  v  ♦CpU  -  0 

apam  +  bpbm'fcpcm-0 


13S 


I 


Solving  these  equations  we  octaiu 


(v  Cjjj  -  bm  w) 


■4- 


-(u  ca  -  a*,  w)  q 

b  „ - - — .  -fr" 


(u  ba  -  a,„  V)  r 
cp  * - d - -tt 


where  D  *  Y  p2  ♦  q2  +  r2 


Since  D  has  both  a  positive  and  negative  value  it  is  necessary  to  determine 
the  correct  signs  of  ap,  bp,  Cp.  Assuming  that  D  is  positive  the  correct  signs 
■ay  be  readily  found  as  follows: 

The  direction  cosines  of  the  paint  pattern  image  give  rise  to  the  equation: 
1  ap  +  b  bp  +  n  Cp  *  cos  0 

where  0  is  the  angle  between  the  paint  pattern  and  its  image  in  the  film  plane. 

0  is  always  an  acute  angle.  Therefore 

1  gp  +  a  bp  ♦  n  Cp  >  0 

If  1  8p  ♦  m  bp  ♦  n  Cp  <  0,  then  the  signs  of  ap,  bp,  cp  must  be  changed. 

The  attitude  angles  are  then  obtained  using  the  direction  cosines  of  the 
paint  pattern. 

-1  bP 
aj\  ■  tan  1  * 


■  tan' 


(ap  *  bp>' 
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ATTITUDE  DATA 
V  Angle  of  Attack 
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ANGLE  OF  ATTACK 


Introduction 

The  angle  of  attack  is  defined  as  die  angle  between  the  longitudinal 
axis  of  the  missile  and  a  line  along  the  direction  of  motion. 

The  cosine  of  the  angle  of  attack  is  the  dot  product  of  a  unit 
vector  lying  along  the  missile  axis  and  a  unit  vector  lying  along  the 
direction  of  motion.  A  unit  vector  lying  along  a  line  has  as  its  components 
the  direction  cosines  of  that  line.  By  knowing  the  angle  between  a  line 
and  the  XY-piane  (elevation  angle)  and  the  angle  between  the  projection  of 
that  line  in  the  XY-plane  and  the  X-axis  (azimuth  angle)  a  set  of  direction 
cosines  may  be  computed. 

A  unit  vector  lying  along  the  missile  axis  has  as  its  direction  cosines 
the  direction  cosines  of  the  missile  attitude.  The  direction  cosines  for  a 
line  along  the  direction  of  motion  are  the  direction  c*sines  of  the  velocity 
vector. 


Mathematical  Procedure: 

Any  available  missile  attitude  data  and  trajectory  data  may  be  used  to 
compute  the  angle  of  attack  data. 

The  angle  of  attack  will  always  be  between  0  and  180  degrees.  By 
considering  the  sign  of  the  sine  and  cosine,  the  proper  quadrant  is  deter¬ 
mined. 

Definitions : 

aA  *  azimuth  attitude  angle 
eA  *  elevation  attitude  r.ngle 

i 

o  *  azimuth  trajectory  angle 
$  *  elevation  trajectory  angle 
A  *  angle  of  attack 

a,  e,  8  and  $  must  all  be  in  the  same  coordinate  system. 
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i 

: 

I 


The  direction  cosines  of  the  aissile  are: 
a«  *  cos  a A  cos  eA 
bB  »  sin  aA  cos  eA 
cB  -  sin  cA 

The  direction  cosines  along  the  direction  of  action  are: 

*D  *  cos  e  cos  4 
bo  *  sin  0  cos  + 
cq  »  sin  + 

■n»«  dot  product  of  the  two  vectors  is  computed  as  follows: 
cos  A  -  c.  aD  -  b,  b0  ♦  c.  cD 
and 

A  -  cos"1  (a*  au  ♦  b*  bD  ♦  c*  cp) 

The  sine  A  is  conpufed  as  follows: 

*a  aD  *  h*  bp  -  ca  cp\£ 

2  J 

Co.  ±-  .  .  0  ♦ ».  ip  •  b.  b„  .  c  cn\4 

and 

iin  A  *  2  sin  -y*  cos  — ~ 

tan  A  -  A  ■ 
cos  A 
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VI 


Aspect  Angle 


ASPECT  ANGLE 


Introduction 


The  aspect  angle  is  defined  as  the  angle  between  the  longitudinal 
axis  of  the  missile  and  the  line  of  sight  from  the  missile  to  the  object 
whose  aspect  angle  is  being  computed.  (See  Fig,  1) 

The  cosine  of  the  aspect  angle  is  the  dot  product  of  a  unit  vector 
lying  along  the  missile  axis  and  a  unit  vector  lying  along  the  line  of 
sight.  The  vector  along  the  missile  axis  is  directed  from  tail  to  nose 
and  the  vector  along  the  line  of  sight  is  directed  toward  the  object 
whose  aspect  angle  is  being  measured. 

A  unit  vector  lying  along  a  line  has  as  its  components  the  direction 
cosines  of  that  line.  By  knowing  the  angle  between  a  line  ar.c  the  XY-plane 
(elevation  angle)  and  the  angle  between  the  projection  of  that  line  in 
the  XY-plane  and  the  X-axis  (azimuth  angle)  a  set  of  direction  cosines 
may  be  computed. 

A  set  of  direction  cosines  for  die  unit  vector  lying  along  the  line  of 
sight  may  be  computed  if  the  position  of  the  missile  and  the  position  of  the 
object  whose  aspect  angle  is  being  measured  are  known,  or  if  the  "look 
angles"  are  known. 

A  unit  vector  lying  along  the  missile  axis  has  as  its  direction  cosines 
the  direction  cosines  of  the  missile  attitude. 


Mathematical  Procedure _ 

» 

Any  available  missile  attitude  data  and  either  position  data  or  "look 
angle"  data  may  be  used  to  compute  the  aspect  angle  data. 

The  aspect  angle  will  always  be  between  0  and  180  degrees.  By 
considering  the  sign  of  the  sine  and  cosine,  the  proper  quadrant,  is  deter¬ 
mined,  , 


Definition 

X^,  Ym»  zm  *  Coordinates  of  missile  position 

Xc,  Yc,  Zc  »  Coordinates  of  the  camera  or  object  whose  aspect  angle 
is  being  computed 

a x  *  azimuth  attitude  angle 

3  elevation  attitude  angle 

Al  «  Aspect  angle 

Tnese  data  are  in  the  same  coordinate  system. 
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Compute: 

The  direction  cosines  of  the  missile  axis  are: 


a  =  cos  a  sin  c. 
m  A  A 


b  =  sin  a.  cos  e. 
m  A  A 


c  =  sin  e, 
m  A 


The  direction  cosines  along  the  line  of  sight  are: 


a  = 
s 


'  x 

c  m 


b  = 
s 


Y  -  Y 
c  m 


c  = 
s 


Z  -  Z 
c  m 


where 


?  2  21/? 

R  =  [(X  -  X  )  +  (Y  -  Y  r  +  (Z  -  ZJ  I’ 

c  m  c  m  c  m  ■* 

The  dot  product  of  the  two  vectors  is  computed  as  follows: 


cos  A.  =  a  a  +  b  b  +  c  c 
L  ms  ms  ms 


(I) 


A,  =  cos  (aa+bb+cc) 
L  ms  ms  ms 

The  sine  A.  is  computed  as  follows: 


and 


•  A  A,  A, 

sin  A.,  _  L  L 

L  =  2  sin  ~y~  cos  2 — 


tan 


sin  A, 
cos  A, 
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If  "look  angles"  are  known  the  direction  cosines  of  the  line  of 
sight  become: 

as  «  -cos  sin  el 

bs  *  -sin  ol  cos 

cs  -  -sin  el 

where 

aL»  eL  *  "look  angles" 

These  direction  cosines  are  then  substituted  in  equation  (1)  to 
determine  the  aspect  angle. 


FIGURE  1 


C,  ATTITUDE  DATA 


VII  Ground  Distance  and  Total  Distance 
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GROUND  DISTANCE  AND  TOTAL  DISTANCE 


Introduction 

Ground  distance  is  defined  as  the  cumulative  distance  a  missile  travels 
from  a  given  point  up  to  a  time  T±,  as  projected  on  the  XY-plane. 

Total  distance  is  the  cumulative  distance  a  missile  travels  from  a 
given  point  up  to  a  time  Ti. 

Mathematical  Procedure: 

Any  available  position  data  are  used  to  obtain  ground  distance  or 
total  distance. 

Definitions: 

Xj,  Yj,  Zj  »  coordinates  of  the  missile  at  point  j 
Dg£  *  Ground  distance  traveled 
Djj  *  Total  distance  traveled 

Ground  distance: 

°Gi  ’  HCX j  '  xj-l)2  *  O'j  -  Yj.i)2]* 

Total  distance: 

i 

°Ti  -  I  [(Xj  -  Xj.i)2  ♦  (Yj  -  *j-l)2  *  <Zj  -  Zj-02fi 
j"! 

If  there  is  a  break  in  position  data,  the  distance  traveled  up  to  the 
break  is  totaled  and  another  sussaation  is  started  again  at  the  next  available 
position. 
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p.  VELOCm  AND  ACCELERATION 

J 

I  Smoothed  Positions,  Velocity  and  Acceleration  (Moving  Arc) 
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SMOOTHED  POSITIONS,  VELOCITY  5  ACCELERATION  (MOVING  ARC) 


Introduction 


Because  of  the  fact  that  all  physical  measurements  contain  some 
random  errors  (or  noise) ,  it  is  usually  desirable  to  compute  from  observed 
data  an  estimate  of  the  data  which  would  have  been  observed  by  a  noise- 
free  measuring  system.  This  process  of  minimizing  the  errors  in  observa¬ 
tions,  called  "smoothing",*  can  be  done  in  many  ways.  The  method  discussed 
in  this  report,  "Least  Squares  Moving  Arc  Smoothing",  is  used  ir.  3RD  to 
compute  smoothed  position  data  from  observations.  These  smoother  positions 
are  then  differentiated  to  obtain  velocities,  and  the  velocities  differenti¬ 
ated  to  bbtain  accelerations.  Error  estimates  of  the  smoothed  caca  and 
derivatives  are  computed  in  the  form  of  standard  deviations  for  each  point. 


‘This  process  is  also  known  as  "filtering"  or  "adjustment  of  data". 
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Moving  Arc  Smoothing 

The  Least  Squares  Moving  Arc  Smoothing  technique  assumes  that  for  a 
short  interval  of  N  points  the  data  can  be  closely  approximated  by  a 
second  degree  curve.  It  also  assumes  that  the  time  interval  between 
data  samples  is  constant  and  free  from  error. 

Each  point  on  the  smoothed  data  curve  is  obtained  by  fitting  a  second 
degree  curve,  using  the  least  squares  method,  to  N  consecutive  observation 
points,  and  evaluating  the  fitted  curve  at  its  midpoint. 

If  a  second  degree  curve  of  the  fora 

x  *  Aq  ♦  A]T  +  a2T2 

is  fitted  to  N  data  points  {T^,  Xj)  ,  then  the  smoothed  data  at  any  point 
Tj  is  given  by 

*si  "  Aq  ♦  AX  Ti  ♦  A2Ti2  (1) 


where  i  *  t-N+l,  t-N+2, 


t 


N-l 
2  * 


,  t-2,  t-1,  t. 


The  midpoint  of  this  interval,  Tp,  occurs  at  the  point  T£,  where 
N-l 

i  *  t  -  '  2  r  -  p. 


If  equation  (1)  is  rewritten  so  that  its  origin  is  translated  to  the 
midpoint,  Tp,  many  simplifications  in  she  curve  fitting  and  evaluation  result. 


xsi  -  Ao-+  AX  ( Tl  -  Tp)  ♦  A2  (V-  Tp) : 


(2) 


Since  the  time  interval  between  data  points  is  constant,  Tj*j  *  Ti  •  AT, 
and  it  can  be  seen  that 

Ti  -  Tp  »  (i-p)  AT. 


Equation  (2)  can  be  written 

xsi  *  *  Ai  (i-p)  AT  ♦  A2  (i-p)2  AT2 


(S) 
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This  is  further  simplified  by  the  substitutions: 

<*0  *  Aq 

ai  *  AjAT 
&2  *  A2AT2 

so  that  xs£  ■  a0  +  (i-p)  ♦  a2  (i-p)2 


where  (i-p) 


g=a. ,  ..(N-i)  . 
2  '  2 


(4) 


Using  the  least  squares  procedure  the  sura  of  the  squares  of  the 
residuals'  is  given’  by 

i*t  i«t 

S  -  l  (xSi  “  *i)2  -  I  («o  *  al  (i-P)  <-  a2  fi-p)2  -  Xi)2  (S) 
i-t-N+1  i-t-N+1 


where  xs^  «  smoothed  position 

■  unsmoothed  (observed)  position 


The  sub  S  is  minimized  by  equating  its  partial  derivatives. 


as  as  .  as  . 

— - ,  and  — -  ,  to  zero,  and 


3ag  t  3aj  *  3a2 

solving  the  three  resulting  equations  for  &0,  aj,  and  a2. 
These  equations  are: 

a©  N  +  I(i-p)  +  a 2  E(i-p)2  -  EXj 

aD  E(i-p)  +  aj  E(i-p) 2  +  a2  E(i-p)3  -  Ex*  (i-p) 

a0  E (i-p)2  ♦  &i  E(i-p)3  +  a2  E(i-p)4  *  Exi  (i-p)2 


(6) 


where  all  summations  are  over  the  interval  from  i-t-N+1  to  i»t. 


10 1 


Since  (i-p)  ranges  from  to  * p  steps  of  one, 

2  2 

the  summations  in  equations  (6)  can  be  found  from  special  numerical 
relationships  to  be: 

E(i-p)  -  E(i-p)3  -  0 

i(i-P)»  -JUSLzJL. 

12 

N(N2  -  1)  (3H2  -  7) 

U  l  JL'UI  •  _ '  '  ' 

v  r/  t  n  m  A 


After  substituting  these  values,  equations  (6)  can  be  written  in 
matrix  form: 


r 


N 


0 


0  N(N2-1) 

12 


N(N2-1)  0 

V  12 


\ 

f  \ 

N(NZ-1) 

12 

*o 

DCi 

0 

*1 

m 

EXi  fi-p) 

NCN2-!)  (3N2-7) 

*2 

(i-p)2 

12  20  y 

V  J 

\  J 

(?) 


If  A  is  the  determinant  of  the  coefficient  matrix,  and  Ajj  the  cofactor  of 

the  element  of  the  ith  row  and  column,  then  the  inverse  of  the  coeffi¬ 
cient  matrix  is  formed  from:  * 


(hi 

^ 5f3N2-71 

A 

A 

A 

4N(N2-4) 

a21 

a22 

a23 

a 

0 

A 

A 

A 

1 

a31 

a32 

a33 

-IS 

A 

A 

A 

N(N2-4) 

V 

> 

V 

iL. 

N(NM) 


N(Kz-4) 


0 


12  IS 
N(N 2-1}  (N 2-4) 

J 


(8) 
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Premultiplying  equation  (7)  by  equation  (8)  yields  the  solution  in 
matrix  form  for  the  unknowns  aQ,  and  aj. 


a  ' 
ao 

al 

• 

a2 

11 

An 

Al3\ 

A 

A 

A 

A21 

A22 

A23 

A 

A 

A 

A31 

A32 

A33 

a 

A 

V 

/Zxi 


EXi  (i-p) 


\EXi  (i-p)j/ 


(9) 


or 


o 

ao 


v*2 


2j 


^3(3N2-7) 

4N(N2-4) 


-15 


^N(N2-4) 


12 


N(N2-1) 


-15 


N(N2-4) 


12 


\ 


15 


N(N2-1)  (N2-4)/ 


'  I  *.  ^ 

i-t-N+1  ' 
i»t 

I  xt  (i-p) 
i-t-N+1 

i»t 

I  x*  (i-p)2, 

^■t-N+1  J 


(10) 


These  values  can  easily  be  found  and  substituted  in  equation  (4)  to 
obtain  the  smoothed  position  of  the  arc  at  time  The  curve  evaluated 
at  its  midpoint,  T^  *  Tp,  is  simply 


xsi  “  ao 


Yals&iU&s _ 

The  velocity  is  obtained  by  taking  the  first  derivativo  of  the  smoothed 
position  equation  (4), 


xSi 


^i 


dT 


dT 


ao  *  al  (i_P)  *  d2  Ci-P)2 


(11) 
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Since  (i-p) 


a 


It 


la 


at 


d 

ST 


(i-p) 


1 

-Al¬ 


and 


~sr  (i-p)2 


Thus  it  can  be  seen  that  equation  (11)  can  be  written 

*  2*2  (i-p) 

x*i  *  “ST*  *  -  aT - 


(12) 


The  velocity  at  th®  midpoint,  i*p,  i*  given  by 


Acceleration 

The  acceleration  is  co»puted  fro*  the  second  derivative  of  the 
smoothed  position  equation,  or  fron  equation  (12) 

V  d  ,•  d  f  91 

x*i  "  ST  Xfi)  =  ST  I  TT 


This  yields 

..  2a2 
X3i  -  aT2 


(13) 


(14) 


(IS) 


-StaadsiQjS’ilaiiiffls _ 

To  obtain  the  standard  deviation?  of  the  smoothed  data  and  the  deri¬ 
vatives,  it  is  first  necessary  to  find  the  variance  of  the  unsscothed  data. 
This  variance  is 


o 


2 

X 


a 


N-3 


(16) 
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By  substituting  these  values  in  equation  (17),  the  variance  of  xs ^ 
becomes 


,  2  /•  o  A22 

jxsi  *  a  «S+(i-p)2-r- 


A33 

♦  (i-p)4  ~~J~ 


*  2  (i 


All 


, /A22  ,  A«\ 

(i-P)2^-^  2  +  (i-p)4^T^ 


(18) 


Evaluating  (18)  at  the  point  i-p  gives  the  variance 


AU  3(3N2-7) 


7Xsd  "  A  °x  "  4N(H2-4)  °X 


2  , 


or  the  standard  deviation 


°*5r 


(M 


(19) 


The  variance  of  the  velocity  is  derived  from  equation  (12)  as  follows: 
_*1_  2*2 (i-P) 


3i 


AT  +  AT 


„2  -  2  A^A  A^A 

ij  l  3a x  J  °ai  l  3a { J  °a2.  *  i  3a  j  J  V  3a2  J 


,al*2 


(12) 

(20) 


where 


cs. 

V“i , 


1 

AT 


(*h\  _  2(i-P> 
y  a  2  J  AT 


and  c2,,  oi „  and  o-.-^  are  a*  in  equation  (17) 
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Substituting  these  values,  equation  (20)  becomes 


The  variance  of  velocity  evaluated  at  point  i«p  is  then 


and  the  standard  deviation 

a  r __i_  f  12  \  i4 

°*Sp  “  b T2  \N(H2-l)  j 


(21) 


The  variance  of  the  acceleration  is  obtained  from  equation  (IS) 


:  67 


The  standard  deviation  of  the  acceleration  is  then 


Advancing  the  Midpoint  One  Point 

After  evaluating  the  fitted  curve  on  the  interval  t-K*l  through  t 
to  find  the  smoothed  position,  velocity  and  acceleration  at  the  midpoint 
p,  the  curve  say  be  advanced  one  point,  to  cover  the  interval  t-N*2  through 
t+1,  and  evaluated  at  the  new  midpoint  p°  ■  p>X .  The  coefficient  matrix 
of  equations  (9)  and  (10)  will  remain  the  same,  but  the  sum* tions  about 
the  new  midpoint  must  be  recomputed. 


If  the  previous  sums  are  represented  by 


*p  "  l  xi 

K  i-N+l 


Bp  -  1  H  (i-p) 


t-N+1 


Cp  -  I  Xi  (i-p)2 


t-N*l 


and  the  summations  about  the  new  midpoint  (p*)  dro 


Api 

*  1 

H 

t-N+2 

t*l 

BP‘ 

“  I 

xi 

(i-p’) 

t-N+2 

t«-l 

CD* 

“  1 

H 

U-P’)'2 

t-N+2 


(23) 
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then  A p«8  Bpi,  Cp»  can  be  written  as  functions  cf  Apt  Bp,  Cp,  the  points 
to  be  dropped  and  added  as  follows: 

V  E  Ap*i  3  AP  "  xt~N*l  *  xt*l  C24) 


t*A 

Bp*  -  I  xi  (i-p'5 

p  t-N+2 

t*l 

■  I  xi  (i-(p+l)) 

t-N+2 

i*i  t+1 

B  I  *i  (i-P)  -  I  *i 

t~N+2  t-N*2 


“1  t*i 

a  Bp  “  *t-N*l  Ci-P)  ♦  Vl  (i“P}  *  J  *i 


since  p  ■  t 


"  sp  “  *t-N+l  tt*P>  ♦  *f>l  (A*P)  ”  V 


Substituting  these  values  in  equation  (2S)  yields 


i 


(25) 


(26) 


(27) 
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CP'  *  (i-p*)2 

t-N*2 


JLh  [w'p)2  - j  »-*»  * 1  ] 


r  t*l  t+1 

’  «i/‘  - 2 1  in  a-P>  *  I  x, 

t'N*2  t-K+2 

■[S  -  a-p)2 .  xt„  a-p)J7-  2  ,  Y , 

J  L  t-N*2  _ 


t*l 

£  *i 
t-N*2 


”  CP  “  2dP*  “  V  *  Xt-N*i  (i-P)2  *  xui  (i-p)2 
Substituting  th*  relationships  of  equation  (26)  into  (2S)  yields 


SusRaririag,  tbs  thrao  ©qustions  ar» 

V  *  *p  “  Xt-N*l  ♦  xt*l 

V  -  Bp  -  s,  *  2  *  /W\ 

p  "p  rjy  xt~N*i‘  *  FyH  xt+I 


Cp‘  “  Cp  -  2  Bp,  .  Ap,  .  tuff  Xt ^  + 


2  /  *t+I 


i70 


Increasing  N  and  Advancing  the  Midpoint 

After  evaluating  the  fitted  curve  at  the  midpoint  p  of  N  points,  it 
nay  be  desirable  to  advance  the  midpoint  to  p?  »  p+1  not  by  dropping  the 
point  and  adding  point  xt+j,  but  by  increasing  the  number  of  points 

to  N'  ■  N+2  by  adding  the  two  points  xt+j  and  x^.  *n  £hi*  case  the 
coefficient  matrix  must  be  recomputed  and  it  can  be  shown  that  the  summa¬ 
tions  about  the  new  midpoint  (p'),  are  functions  of  the  previous  summations 
and  the  two  additional  points. 

Again,  the  previous  sues  are 


t 

Ap  ■  I  xi 
t-N+1 


Bp  ■  l  H 

v  t-N+1 


s  ■  i  *  i 

t-N+1 

and  the  new  suss  are 
t+2 

V  *  I  xi 

t-N+1 


(i-p) 

(i-p)2 


V 


C 


P* 


t+2 

l  H 


t-N+1 


t+2 

l  *i 


t-N+1 


(i-P’) 

(i-p')2 


t+2  t 

Then:  Apt  -  l  H  *  l  xi  *  xt+l  +  xt+2 

t-N+1  t-N+1 


■  *p  ♦  xt+l  ♦  xt+2 


(30) 
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And  summarizing 

Api  “  Ap  ♦  xt+1  ♦  xt«.2  (30) 


By  dropping  the  first  two  points  of  an  arc,  the  midpoint  is  advanced 
one  point.  Thus  N'«N-2  and  p'«p+l;  Again  the  coefficient  matrix  must  be 
recomputed  ana  the  summations  about  the  midpoint  may  be  written  as  functions 
of  the  previous  sums  and  the  two  points  to  be  subtracted,  and  Xt-N+2* 

A  similar  procedure  is  used  in  decreasing  the  interval  as  was  used  in 
increasing  the  interval  yielding  the  following  results  for  the  summations 
about  the  new  midpoint. 


Apt  *  Ap  -  Xf-N*l  "  xt-N+2  (36) 


where  Ap,  Bp,  and  Cp  are  the  previous  «u»**ations. 


Compute  AT  «  -  Tj 
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Solve  for  aQ,  a a2  using  the  following  matrix  fora 


*2 

V/ 


-45 


V' 


•4) 


12 


-15 

N(N*-4) 


N\ 


"iicfe)  ofe 


r  s 

I  xi 

i*t-N«-l 


\ 


l  xi  (i-p) 
i«t-N*l 


1  H  (i-P)2 

yi»t*N+l  J 


Then  at  the  Midpoint  i>p  the  saocthed  position, velocity  and  acceleration 
are: 


Si 

*  ao 

„ 

*i 

AT 

t 

2a2 

■H 

"Ifr 

_ Siansfe.rd.P9YAailfln _ 

Compute  the  variance  of  the  unsnecothed  data  by 

E(*i  -  Xsi)2 


°x  * 


N-3 


where 


xSi  ■---  a0  +  aj  (i-p)  ♦  a2  (i-p) 2 

(i-p)  *  ,  JBL  ,  ...  ,  -fli=5)-  .  -XM.-J1 
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The  standard  deviations  of  the  midpoint  position  and  derivatives 
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DETERMINATION  OF  THE  SMOOTHING  INTERVAL 

This  is  a  simple  method  of  determining  the  smoothing  interval  (N)  to  be 
used  for  smoothed  positions,  velocities  or  accelerations. 

When  the  variance  and  the  sampling  rate  of  the  unssoothed  position 
data  are  known  it  is  possible  to  choose  N  such  that  the  variance  of  the 
midpoint  of  the  smoothed  positions,  velocities  or  accelerations  is  equal 
to,  or  less  than  the  required  variance. 

Using  equations  (18),  (22),  and  (23)  we  see  that  for  positions. 


3(3N2  -  7) 
4N(N2  -  4) 

_ 


velocities^ 


and  accelerations^ 


The  value  on  the  right  side  of  each  of  these  equations  is  determined  from 
the  unsmoothed  position  variance,  ox,  and  the  required  variance  (oXsc,  axs  *  or 
3xSp),  and  the  sampling  rate.  The  only  variable  on  the  left  side  of  each  Equa¬ 
tion  is  N,  which  may  then  be  varied  to  meet  the  desired  requirements, 

t 

Table  I  has  been  prepared  for  this  purpose  and  may  be  used  in  the  follow¬ 
ing  manner.  Ccmpute  the  right  side  of  the  equation  for  position,  velocity  or 
acceleration.  Under  the  appropriate  column  of  the  table  find  the  value  which 
is  equal  to,  or  less  than,  the  computed  value  and  use  tho  N  associated  with 
this  value  for  the  smoothing  interval. 

Graphs  of  Table  I,  with  N  extended  to  100,  are  also  provided. 
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N 

5 
7 
9 
11 
13 
15 
17 
19 
21 
23 
25 
27 
29 
31 
33 
35 


Position 
_3(3N*  -  7) 

4N(nTV  4) 


.696932 
.577350 
.505382 
.455477 
.418121 
.388756 
.364866 
.344926 
.327950 
.313268 
. 300402 
.289007 
.278820 
.269642 
.261317 
.253719 


TABLE  1 
Velocity 
12 


N(N*  -  1)- 


.036037 

.031435 

.027735 

.024708 

.022195 

.020080 

.018282 

.016737 


Acceleration 


*2  15  i  ' 


w  - 1)  ~ tt 


.316228 

.534522 

.188982 

.218218 

.129099 

.113961 

.095346 

.068279 

.074125 

.044699 

.059761 

.031139 

049507 

.022716 

041885 

.017171 

4)j 


.013353 

.010627 

.008621 

.007108 

.005942 

.005028 

.004299 

.003710 


37 

.246749 

.015397 

.003228 

39 

.240324 

. 014228 

.002830 

41 

.234377 

» 

.013199 

.002497 

43 

.228851 

.012289 

.002216 

45 

.223699 

.011478 

.001978 

47 

.218880 

.010753 

.001774 

49 

.214360 

.010102 

.001598 

51 

.210109 

.009513 

.001446 
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D.  VELOCITY  AND  ACCELERATION 


II 


“d  (Orthogonal 

lynoBlAls) t  including  Special  Numerical  Relationships 
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Preceding  page  blank 


Smooched  Positions,  Velocity  and  Acceleration  (Orthogonal  Polynoaials) 


Introduction 


In  smoothing  data  by  the  usual  method  of  least  squares  it  is  necessary  to 
choose  in  advance  the  degree  of  polynomial  which  will  be  used  to  approximate 
the  data.  This  is  necessary  since  the  coefficients  found  are  dependent  upon 
the  degree  of  curve  being  fitted.  Often,  however,  it  is  not  known  in  advance 
what  degree  curve  will  best  fit  the  data.  In  such  a  esse  it  is  desirable  to 
fit  several  polynomials,  each  time  increasing  the  degree  used,  until  it  is 
seen  that  any  further  increases  would  not  produce  a  significantly  better  fit. 

The  computation  of  successive  polynomials  is  greatly  simplified  by  the  use  of 
the  Orthogonal  Polynomial  procedure.  This  method  determines  the  approsizaat-ng 
polynomial  in  terms  of  another  variable,  so  chosen  that  each  coefficient  found 
is  independent  of  the  others.  This  makes  it  possible  to  increase  the  degree 
of  curve  used  without  making  it  necessary  to  recompute  the  previously-found 
coefficients. 

This  program  is  generally  used  to  3mooth  position  data.  Die  degree  of 
curve  fitted  is  increased  until  an  F-test  indicates  that  additional  coefficients 
of  the  polynomial  would  not  be  significantly  different  from  zero.  The  smoothed 
positions  are  then  differentiated  to  obtain  velocities,  and  the  velocities  dif¬ 
ferentiated  to  obtain  accelerations.  The  error  estimates  of  the  smoothed  data 
and  derivatives  are  computed  in  the  form  of  standard  deviations  for  each  point. 
Coefficients  of  the  original  polynomial  are  derived  in  tens  of  tLa  new  poly¬ 
nomial  . 


185 


preceding  page  blank 


Mathematical  Derivation 


Smoothed  Position 

If  an  approximating  polynomial  of  the  fora 

Xst  “  a0  ♦  aif  +  a2*2  +  a5t3  ♦  •••  ♦  aktk  (1) 

is  rewritten  In  terms  of  another  variable  which  is  a  function  of  t  such  that  the 
coefficients  are  functions  of  the  approximating  polynomial  and  are  independent 
of  one  another,  then  the  solution  of  the  equation  can  be  greatly  simplified. 

Such  an  equation  is  of  the  fora 

Xst  “  b0  p0,t  +  bl  pl,t  *  b2  p2,t  ♦  b3  p3,t  ♦  *eo  ♦  bk  pk,t  (2) 


where  bg  * 

►*> 

O 

m 

o 

*— 

a2* 

*  *  •*  *k) 

bl  * 

fi  (»o»  ai» 

a2. 

« »  *f  ak) 

b2  ** 

* 

*2  (ao»  «1* 

a2* 

•  •  •»  ak) 

* 

bk  a 

fk  (*G»  61» 

*2* 

...  ak) 

and  Pn  * 

»  f  o  (0 

-  fl  (t) 

p2,t 

*  f2  (*) 

pk,t  *  fk  (*) 

The  following  procedure  derives  the  coefficients  (bj)  such  that  they 
satisfy  the  above  requirements  for  the  desired  polynomial. 

Using  the  least  squares  method  on  equation  (\),  the  sis  of  the  squares 
of  the  residuals  is  given  by 

S  -  £(XSt  -  Xt)2  •  E(a0  ♦  ait  ♦  a2t2  ♦  •••  ♦  aktk  -  Xt)2  (3) 

where  X5t  ■  smoothed  positions 


Xt  *  observed  positions 


f  N-3N\  /  N-l 

•1,2  J»\  2 


k  »  degree  of  the  polynomial 
N  ■  number  of  consecutive  observation  points. 


The  sub,  S,  is  minimized  by  equating  the  partial  derivatives, 

3$  3S  3S 

— - — —  *  — - — —  »  - - -  to  zero,  yielding  k*l  equations  in  k+1  unknowns. 

3ao  3a*  3ak  6  n 

These  equations  are: 

apM  v  ajEt  ♦  a2^t2  ♦  a3Et3  ♦  a^Zt1*  ♦  asEt5  +  a$Et6  ♦  •••  ♦  »kEtk  ■  EXr 
apEt  ♦  ajEt2  ♦  a2Et3  ♦  a3Et4  ♦  a4Et5  ♦  a$Et6  ♦  a6Et7  ♦  a^Et^1  »  Z%£ 

apEt2  ♦  ajEt3  ♦  a2Et**  *  ajEt5  ♦  a4Et6  +  asEt7  ♦  a^Et0  ♦  •••  ♦  aj-Et^2  -  E)^2 
agEt3  ♦  ajEt**  ♦  S2Et5  ♦  ‘a3Et6  ♦  84Et7  ♦  ajEt8  ♦  a^Et9  ♦  •••  ♦  akEtk43  -  ZXf. 3 


agEt*5  ajEt5  ♦  a2lt6  ♦  a3Et7  ♦  s4Et8  ♦  asEt9  ♦  a6Et10  ♦  ♦  akEtk+4  «*  EX£** 

a^Et5  ♦  aiEt6  ♦  a2Et7  ♦  ajEt8  ♦  oqEt9  ♦  asEt10  ♦  a6Etn  ■*■•••+  ak£tk45  *  EX^5 

ft 

ft 

a0Etk  ♦  ajEt^*1  ♦  a2Etk+2  +  a3Etk+3  >  a4Etk+4  ♦  asEtk45  ♦  a6Etk+6 

l 

•*■•••>  akEtk+k  •  E\tk 

,  /n-i\  /Vl\  • 

Since  t  ranges  fro#  -  I— ■-^-■-•1  to  r — j — i  in  steps  of  one,  the  summations 
in  equation  (4)  can  be  found  from  special  numerical  relationships*  to  be: 


*See  page  37. 
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t3  »  £ts  »  £t7  *  0 


N(N2  -  1) 


^3N2  -  7  \ 

—■W~J  £t2 


3N4  -  18N2  ♦  Sl\ 

-TO -  “2 


e 


^5N6  -  S5N4  ♦  239N2  -  381  \ 

- - - 555 - - -J  E<2 


(- 


3N8  -  52N®  ♦  4 ION4  -  1636N2  ♦  25SS 


2816 


Et2 
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Using  these  sumatipps,  equations  (4)  becone 
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If  k  »  1,  then  from  equations  (7)  and  (8), 


(9) 


a-i  *  '■  T~* — . 

N(N2  "  1) 
"  12 


(10) 


( 


Since  ag  and  aj  are  independent  of  one  another  and  are  functions  of  the 
approximating  polynomial,  they  satisfy  the  requirements  for  the  coefficients 
of  the  desired  polynomial.  Therefore 


let 


(11) 


and 


bl 


JL. 

N(N2  -  1) 
12 


(12) 


To  find  the  next  two  coefficients,  b2  and  b3,  we  must  first  substitute  the 
general  expressions  for  ao  and  ai  (eq,  7  and  8)  into  equations  6(c  thru  g). 

( 
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4243N2  T  7164 


(12)  (IS)  (140) 


Since  equations  (16)  and  (17)  satisfy  the  requirenents  of  the  ne»  coefficients.  »e  let 

.  -C?,;  ‘1  rxr 
~Tk(M»  .  1)(N»".~ 


(12) (15) (140) (63) 
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Ihe  polynomials  in  the  numerators  on  the  right  sides  of  equations  (26)  are  obviously  functions  of  t 
and  will  be  -epresented  by 


199 


derive  a  recursion  relationship  for  the  Pj,t's»  rewrite  equation  29  in  terms  of 
ion  27: 


It  can  easily  be  shorn  froo  equation  (30)  that  the  following  recursion 


equations  (27)  and  (29) 
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Substituting  equation  (57)  into  (36)  and  evaluating  for  k  »  2  yields 

Z(P0,t  p2,t^  -  0 

By  repeating  this  process  for  all  k*s  it  can  be  shown  that 
*(p0,t  pk,t)  *  0 

From  equation  (33)  we  again  see  that 

Substituting  this  in  equation  (35b)  yields 

b0  KPo.t  plft)  *  b2  £Cpl,t  p2,t)  *  040  +  bk  E(pl,t  pk,t^  *  0 

Since  froE  equation  37  we  know  that 

E(po,t  pi,t5  “  0 

Then  if  k  ■  2 

2(pl,t  P2,0  '  0 

Again  evaluating  for  each  successive  k  it  can  be  shown  that 
*0*1,1  pk,t)  -  0 

For  all  bj's  substituted  in  equation  (35)  it  is  easily  seen  that 

'(Pj,t  pk,t)  •  °»  i  +  k  (38) 

Since  E(Pj>t  pk,t)  •  0,  j  k, then  by  definition  the  pjtt*s  cre 
orthogonal  polynomials* 
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Degree  of  Polynomial 

To  determine  the  degree  of  the  polynomial  that  gives  the  best  fit  we 
oust  first  compute  an  estimate  (o2)  t>{  the  variance  of  the  raw  data,  and 
for  each  coefficient  an  estimate  (a2)  of  the  variance  of  the  data  in 
terms  of  the  variance  of  the  coefficients,  We  wish  to  test  the  hypothesis 
that  the  true  value  of  the  j*h  coefficient  is  zero,  so  that  »  k  <  j  degree 
polynomial  will  adequately  describe  the  data.  Assuoing  that  the  true  value 
of  the  jth  coefficient  is  zero,  we  use  the  F-test  to  determine  whether  the 
difference  between  the  two  variance  estimates  (a2  and  ,g2)  is  significant. 

If  it  is  not,  we  conclude  that  the  hypothesis  is  true,  and  set  the  jth 
coefficient  equal  to  its  true  value  (bj  *  0).  When  two  consecutive  coeffi¬ 
cients  (bj_i  and  bj)  have  been  set  equal  to  zero  by  this  process,  we  assume 
that  the  degree  of *  the  best  fitting  polynomial  is  determined  by  the  last 
non-zero  coefficient,  k  ■  j-2. 


The  estimated  variance  of  the  raw  data  is  the  sum  of  the  squares  of 
the  residuals  divided  by  the  degreos  of  freedom,  the  degrees  of  freedom 
being  the  number  of  observations  minus  one  minus  the  degree  of  the  curve. 


o2 


S(Xst  -  Xt)2 
D.F. 


(39) 


D.F.  -  (N  -  1  -  k) 


The  variance  of  the  coefficients  is  given  by  the  general  equation 


(40) 


whore  A  is  the  determinant  of  the  coefficient  matrix,  and  Ajj  is  the 

cofactor  of  the  element  of  the  j**1  row  and  column.  It  can  easily  be 
shown,  using  equation  (35)  and  the  fact  that  the  Pj.t'*  are  orthogonal 
polynomials,  that 


— -  where  the  Qj's  are  as  given  in  equations  (27). 


Therefore 


(41) 


£42) 


2  OG 


The  bj's  and  Pj  **3  found  in  equation*  (31)  and  (33)  are  substituted  in 
equation  (2)  to  obtain  the  smoothed  positions  and  the  sun  of  the  squares  of 
the  residuals  is  computed. 

S(X*t  -  Xt)2  -  Z(b0  P0,t  ♦  bl  Pl.t  +  b2  P2|t  *  ***  *  bj  Pj»t  *  Xt)2  (43) 

»  EX|  ♦  b2  I(P0ft)2  ♦  bf  I(P1|t)2  ♦  b\  I(P2#t)2  *•••  ♦  bj  r(pjjt)2 

"  2b0  £(P0,t  Xt3  -  2bj  E(P1#t  Xt)  -  2b2  E(P2#t  Xt)  -  “• 

-  2b j  2{Pj#t  Xt) 


As  was  show.i  previously  in  equation  (33) 

ZCPj.t,  Xt) 
bj  “  WUt)2 

so  that  J(rj#t  Xt)  -  bj  J(Pjet)2 
Substituting  this  value  in  equation  (43)  yields 

KXst  -  xt)2  -  rxf  -  b2  r(P0jt)2  »  bj  E(Pljt)2  -  b2  E(P2  t)2  -  ... 

(44) 

’b5  £(pj,t32 


E(XSt  -  Xt)» 

Using  equation  (39)  the  estinated  variance  is  found  to  be  a2  *  _ 

0  •  r  • 

Another  estinated  variance  of  the  raw  data  is  found  in  terns  of  the  jtb 
coefficient.  From  equation  (42) 

a2  -  Qi  a2 


where  tho  variance  of  the  coefficient  is  given  by 

(bj  -  ■))* 

"bj  O.F, 


bj  *  computed  coefficient 
Bj  *  true  coefficient 
D.F.  *  Degrees  of  freedom  •  1 
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Equation  (45)  then  becomes 

• B;)2 


Now  wo  want  to  test  if  the  hypothesis,  Bj 
If  in  equation  (46)  let  Bj  «  0,  then 


»  0,  is  true. 


o2  and  o2  are  both  sample  variances.  To  test  whether  these  two  variances 
are  estimates  of  the  same  population  variance  the  F-test  is  used. 


then  the  hypothesis  is  accepted  as  being  true  and  bj  is  set  equal  to  zero.  The 

next  coefficient  is  tested  in  the  same  manner.  When  two  consecutive  coeffi¬ 
cients  are  set  equal  to  zero  the  degree  of  the  polynomial  is  determined  from 
the  last  coefficient  which  was  significant.  Thus 

k  -  j-2 


Velocity 

The  velocity  is  obtained  by  taking  the  first  derivative  of  the  smoothed 
position  equation  (2) 

*st  *  b0  p0,t  ♦  bl  pl,t  ♦  b2  p2,  t  +  ***  +  bk  pk,t 
d  XSt  d 

Xst  E  at  “cRT  (b0  p0,t  +  bl  pl,t  ♦  b2  p2,t  +  '•*  ♦  bk  pk,tl 


"  [b0  f0,t  +  bl  ^l»t  ♦  b2  p2,t  *  ***  *  bk  pk,t3 
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The  first  derivatives  of  equation  (31)  are 
*0,t  *  0 


Acceleration 

The  acceleration  is  conputed  from  the  second  derivative  of  the  s&oothed 
position  equation,  or  froa  the  first  derivative  of  equation  (49). 

**st  *  (At) 2  Ib0  V  *  bl  ^l>t  +  b2  ^2,t  *  °**  '  bk  ^k,t] 

The  derivatives  of  equation  (50)  are 
*0.t  ■  0 

p*l>t  -  0 

P2(t  ■  2 

^*3,t  "  6t 

?M  ■  A-i.t  *  t  Vl.t  -  -£{-  ?«-*.« 


(50) 


(51) 
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Standard 

— — yw»»» 


Deviations 


The  standard  deviation  of  the  seoothed  data  is  found  as  follows: 
xst  *  b0  pQ,t  4  bl  pl,t  ♦  b2  p2,t  4  *#*  4  H  pfcft 


(2) 


Th®  variance  is 


o6  * 


'Xst 

3X 


y3bo  1  b0  \"9bl  J  bl  \^3b2  j 


°L  ♦ 


V»*>it  J  bk 


where 


~  i. 

3bo 

"  P0,t 

«st 

_  n . 

Sbi 

Plst 

3XSt 

■  p2,t 

3b2 

(S3) 


<54) 


3Xst 

3bk 


Ph.t 


Froa  equation  (42) 


Substituting  these  relationships  into  equation  (53), 


where 


variance  of  the  saoothed  data 


o2  *  variance  of  the  observed  data 
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The  standard  deviation  is 


"st 


k 

l 

j*0 


k. 


(56) 


The  standard  deviation  of  the  velocity  is  obtained  as  follows; 

From  equation  (49)  the  velocity  if 

*st  *  tbo  ^o.t  ♦  bi  *  b2  htt  *  ♦  bk  *kftJ  («) 


The  variance  is 


where 


m 

3b0 

“j-- 

at 

3Xst 

V 

3bl 

At 

3XSt  _ 

P2ft 

3b2 

« 

t 

At 

• 

3Xst 

*k,t 

3hk 

At 

and  ? 

2  „  _£ — 

bj  Qj 


C 


i 


Using  these  values  the  V3i lance  of  the  velocity  becomes 

2  (Po.t)2  °2  (h,t)2  °2  (^2.t)2 


X5,  4t2  Q0 


At2  Qj 


At2  Q2 


°2 

At2  Qk 


and  the  standard  deviation  of  the  velocity  is 


^st  At 


k  ,.)2  ■- 

y  „:.J  t*L . 

ji  0  Qi 


The  standard  deviation  of  the  acceleration  is  found  by  the  same  method 
as  that  of  the  velocity. 

From  equation  (51)  the  acceleration  is 


tb0  p0,t  ♦  bl  pl,t  ♦  b2  p2,t  ♦  b3  p3,t  *  •••  ♦  bk  P*k,t] 


The  variance  of  the  acceleration  becomes 

,  /jV?  2  (ft S,V  2 

%t  ’X*t)  °b«  ♦Ur'-J  °*>i  * 


where 


YXc.V 


♦  •  •  •  ❖ 


( a*xsty 

\3bk  / 


(At)2 


8Xh  ■  Pl.t 


aAst  r2.t 

3b2  (At) 2 


w»t  .  ^k.t 

3b  j,  (At)2 
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and  o l 

bj 


Substituting  these  values  in  equation  (60)  yields 


q*  C^t)2  4  °2  (Pi.t)2  +  q2  (?2.t):> 

(At)*1  Qo  (At)1*  Q1  *  (At)**  Q2 


.  °2  (h.o2 

(At)4  Qk 


(61) 


The  standard  deviation  is 


(At)2 


i  (^i.t)2 
j-0  Qj 


(62) 


Original  coefficients  in  teras  of  the  new  polynogial. 


If  it  is  desirable  to  obtain  the  coefficients  of  the  approximating  poly- 
noaial  in  terns  of  the  new  regression  polynomial  this  nay  be  done  by  equating 
equations  (1)  and  (2)  and  solving  for  the  coefficients  at  the  aidpoint.  Since 


t  ranges  free 


the  aidpoint  value  of  t  will  be  zero.. 


Evaluating  equation  (1)  and  its  derivatives  at  the  aidpoint  we  find 


X*0  "  *0 
*»o  '  *1 

«.„  •  2'  *2  (64) 

^Sq  8  8J 

a 

♦ 

X  -  i!  a. 

$0  i 
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Equation  (2)  end  its  derivatives,  at  the  midpoint  (t»0),  are  as  follows: 


Xso  *  b0  *  b2  p2,0  ♦  b4  p4,0  *  b6  p6 ,0  *  ***  *  bk  pk,0 

xso  *  bl  Pl,0  *  b3  P3,0  *  b5  "*5,0  ♦  ’'*+  bk  ^k,0  (6S) 

*s0  *  b2  *2,0  *  b4  *4,0  *  b6  P6,0  *  * *  bk  Pk,0 


i  i  i  i  i 

X»0  "  b3  Pj,0  ♦  bj+2  Pj+2,d  *  bj>4  pj+4,0  ♦  •**  ♦  bk  pk,0 

^  ^  L 

Taking  the  j  ‘  derivatives  of  the  j  polynomials  of  equation  (31)  yields 


The  general  equation  is 


Substituting  equations  (64)  and  (66)  into  equation  (65)  it  is  easily 
seen  that 


(67) 


(66) 
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COMPUTATIONAL  PROCEDURE 


In  computing  the  bj=s  using  equation  (33),  the  X*s  are  usually  all  of 
the  saa'  sign  and  the  Pj,t's  change  signs  j  times.  In  forming  the  sums  a 
large  positivo  or  negative  value  is  accumulated  as  t  varies,  then  after  the 
Pjjt’*  change  signs  the  accumulation  approaches  zero  and  may  or  may  not  pass 
through  zero.  This  cycle  is  repeated  until  the  final  answer  is  obtained.  It 
is  easily  seen  that  the  large  accumulative  values  are  far  greater  than  the 
final  sum.  Therefore  in  programming  this  problem  on  a  single  precision  high 
speed  computer  it  is  necessary  to  use  double  precision  to  obtain  precise 
answers.  These  large  sums  may  bo  avoided  and  single  precision  used  if  the 
Xt's  are  replaced  with  a  residual  ($j_ift)*  I*  can  he  shown  in  the  following 
manner  that  using  this  residual  does  not  change  the  value  cf  b-t .  The  residual 
is  J 


5j-l,t  "  *t  "  b0  p0,t  -  h  Plft  -  •••  -  bj„i» 

Then 

Mj-l.t  Pj,t  "  ^j.t  <Xt  -  b0  p0,t  *  bl  pl.t . bj-l*  pj-l,t> 

Mj-l,t  pj,t  ■  EXt  pj,t  -  b0  EP0,t  Pj,t  *  bl  EPl,t  pj,t  * 

”  bM  rpM,t  pi,t 

I 

Since 

lPj,t  Fk,t 

E5j-l,t  pj.t  "  EXt  pj,t 


Substituting  this  in  equation  (33)  yields 


bi 


The  trend  of  the  signs  of  the  residuals  will,  in  general,  be  the  same  as 
the  orthogonal  polynomial  associated  with  the  next  significant  b  coefficient 
and  thus  the  large  accumulations  encountered  using  the  Xt's  are  avoided. 
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The  cosrouter  prograa  is  written  to  fit  up  to  a  k,jax  degree  curve  to  the 

data. 

The  first  step  is  to  cospute  froa  j».l  through 

Qo  -  « 


*  Qj-i 


li  (n2  -  J2) 

4(4j2  -  1)  _ 


where  11  s  N  s  251  is  the  nuaber  of  points  in  the  smoothing  interval. 
Then  compute  froa  t  ■ 


through  t  ■  ^ 


l.t  ’ 

J2.t  " 


pj,t  "  *  PM,t  for  im 3  thru  i-k«ax 

*2.t  -  2t 

htt  -  P2,t  ♦  2t2 

pj,t j  pj-i,t  * 1  pj- l.t  for  J"4  thru  j“W 

?3,t  "  6t 

'*•'  ’  2fj-‘  * 6tJ ' 2© 

pi.t  ■  2fj,t  *  !  fj-i.t  tor  J’s  th™  ),k»“ 
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For  each  set  of  N  data  points  cospute 


b0 


EX. 


Qo 


«t  “  *t  -  bQ 


s*  * 


£  6 1 


The  following  steps  are  computed  as  j  varies  fro*  1  thru  k^^  for  each  set 
of  N  data  points. 

H.  .  llhtJL, 


Fro*  equation  (44)  we  see  that 

£(XSt  -  Xt)2  -  I«J#t  -  -  b)  Qj 


Therefore  the  estimated  variance  froa  the  residuals  is  coaputed  wing 


where  D.F.  ■  H-l-j 

and  the  estiaated  variance  froa  the  coefficient  is  coaputed  using 


Now  the  coefficient  is  tested  for  significance  using  the  F  values 
associated  with  one  degree  of  freedoa  for  the  nuaerator  and  N-l-j  degrees  of 
freedom  for  the  denoainator. 

o2 

It  ■  ---  >  F,  then  bi  is  significant 
o2  J 

and  6t  is  recomputed  froa 

6t  -  6t  -  bj  Pi>t 
s2  «  E6* 

and  if  j  kaax*  then  j  is  increased  by  one  and  the  next  coefficient  is  coaputed. 
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If  j  kroax  the  degree  of  the  curve  is  and  smoothed  positions  are  then 
computed .  (k  =»  kmax) 

If  t  F,  then  b-j  is  not  significant  and  is  set  equal  to  zero. 

a2  1 

If  j  kBax  and  the  previous  coefficient  is  not  equal  to  zero  then  j  is 
increased  by  one  and  the  next  coefficient  is  computed  using  the  new  residual. 

If  j  s*  kmax  and  the  previous  coefficient  is  equal  to  zero  then  the  degree 
of  th*  curve  is  (j-2)  and  saoothed  positions  are  then  cosputed  (k  »  j-2). 

If  j  «  kjnax  and  the  prev.jus  coefficient  is  equal  to  zero  the  degree  of 
the  curve  is  equal  to  (j-2)  and  smoothed  positions  are  computed,  (k  »  j-2) 

If  j  •  kaax  and  the  previous  coefficient  is  not  zero  the  degree  of  the 
curve  becomes  j-1  and  smoothed  cositions  are  computed.  This  logic  is  more 
clearly  explained  by  Figure  1. 

The  smoothed  positions  are  computed  as  follows: 

XSt  -  b0  ♦  bj  P1#t  ♦  b2  P2#t  ♦  oou  ♦  bk  pk,t 
or 

Xst  *  xt  ”  6t 

The  velocity  is  computed  next  from 

Xsfc  *  fbl  +  b2  ^2,t  +  b3  ^5,t  ♦  *  bk  ^k.tJ 

and  the  acceleration  is  computed  from 

*5t  "  "It2"  * 2b 2  *  b3  ^3#t  +  b4  ^4,t  *  *  bk  ^k,ti 

The  standard  deviation  of  the  position  data  is  computed  as  follows. 

The  variance  of  the  observed  data  is  computed  from 


and  the  standard  deviation  of  the  smoothed  position  is 

1  (pl,t)2  (p2,t)2 

Qo  Qi  Q2 


xst 


Qk 


-mi 


(pl,t)2 

Qi 
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FIGURE  1 


Standard  deviation  of  velocit"  is 


’Xst* 


o 

At 


1  lh.02 

— ~  4  —  ■--* -  4  ■■ 


Ql  ^2 


q3 


(Pk.t): 

+  - 

Ok 


Standard  deviation  of  acceleration  is 

r 


°X; 


o_  1  4 

St  At2 


H 

3T  * 


"k.t 

4-  —  a.— „  +  »  «  r  + 


Qj 


04 


Ok 


Special  Numerical  Relationships 

It  is  often  desirable  to  obtain  suss  or  suns  of  powers  of  'ntegers  whose 
values 


— -Iff)  ■  •(-¥-)•  -  ■  (-¥-)•(-¥)■ 

(¥•)  ■  -  •(•¥•)  •(-¥-) 


For  the  range  t 


the  t's  is  obtained  as  follows: 


#  the  sun  of 


I(t  ♦  1)2  ~  it2  .  (iUl f  4 


...  ♦  (±1$  ,  (  N-lV  ,  ( N*  1 V 
W/  \  2  y  \  2  7 

..  -/"jilLV 


Et2  ♦  2Et 


■(=?}  -(¥? 


2Et  ♦  N  « 


N2  .  2N  4  l  -  N2  4  2N  -  1 


22 


4N 

2Et  «  ~~ - N 

4 


Et 


•  -f-  (N  -  N) 


221 


Et2  is  obtained  from: 


Since  Et  -  0 

3Et2  ♦  N 

Et2 

Et2 


2N3  ♦  6N  _  N3  ♦  3N 

23  *  22 
>*• 

1  r  N 3  ♦  3N  -  4N  "1 

-r  L — “  -I 

NfN2  -  1) 

12 


For  Et3: 

E(t  ♦  l)4  -  Et1* 
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A 


Since  Et  *  0  and  £t2  *  ■ 

12 


4Et3  ♦  6£t2  ♦  N  -  N4  1  4N3  +  6N2  ♦  4N  +  1  -  N*»  ♦  4N3  -  6Nf 

24 


,  8N3  ♦  8N  61 1 (N2  -  1) 

4Et3  =  - * - * - —  -  N 


24 


12 


-  1  f  Ns  +  N  /N3  -  N\  -l 


**• .  -i-  pi^-i 

4  L  2  J 


Et3  -  0 


The  summations  of  any  nower  can  be  obtained  in  a  sinilar  manner. 


nN  -  1 
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The  following  plots  are  provided  as  an  aid  in  estimating  variances  of 
saoothed  Positions,  Velocities  and  Accelerations. 
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V 


FUNCTIONS  OF  VELOCITY  AND  .ACCELERATION 


The  moving  arc  smoothing  program  and  the  orthogonal  polynomial  program 
compute  smoothed  positions;  velocity  components  and  acceleration  components. 
The  standard  deviations  of  these  data  are  also  obtained.  From  these  data 
other  derivative  data  may  be  computed.  These  data  include  trajectory  angles, 
the  rate  of  change  of  the  trajectory  angles,  tangential  and  normal  accelera¬ 
tion  components,  total  velocity,  radius  of  curvature  and  rate  of  turn. 

Tnia  report  includes  the  derivation  of  the  equations  for  these  data  -and 
for  their  standard  deviations. 


Velocity: 

The  coordinates  (x,  v,  z )  of  a  point,  P,  on  a  curve  are  expressed  as 
functions  of  a  third  variable,  or  parameter,  t,  in  the  form 

x  •  £()(*) 

y  -  fi(t)  (1) 

s  -  fgM- 


When  the  parameter,  t,  is  time,  the  functions,  fi(t)  are  continuous  and 
if  t  varies  continuously  then  the  point  (x,  y,  z)  will  trace  the  curve  or  path. 
We  then  have  a  curvilinear  notion  and  equations  (1)  are  called  the  equations  of 
motion. 

The  velocity  or  time  rate  of  change  of  the  distance  of  the  point,  P,  at 
any  instant  is  determined  by  its  velocity  components. 

e 

x 


y  (2) 


dx  . 
TT 


dz 

"XT  * 
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Preceding  page  blank 


The' magnitude  of  the  velocity,  as  seen  in  figure  1,  is  given  by 

Vt2  -  J2  ♦  ♦  Z* 

and  Vt  »  (x2  ♦  y2  ♦  z2)f- 


FIGURE  1. 


lit  figure  (1) 

i,  ft  i  ■  velocity  component  vectors 
Vt  «  tangential  velocity  vector 
P(x,  y,  z )  ■»  point  on  the  trajectory 


8  ®  trajectory  elevation  angle 
a  *  trajectory  azimuth  angle 


Trajectory  angles; 

The  trajectory  angles,  +  and  8,  are  defined  as  the  azimuth  and  elevation 
angles,  respectively,  of  the  tangential  velocity  vector  for  a  point,  P,  on  a 
trajectory.  Figure  (1)  illustrates  the  situation  at  the  point,  P,  on  the  tra¬ 
jectory  in  the  x,  y,  z  coordinate  system. 

It  can  easily  be  seen  that 

♦  •  tan“*(0r*)  (5) 


9  «  tan 


-1 


7F 


♦  y 2)* 


(6) 


Total  acceleration: 

The  rate  of  change  of  the  velocity  with  respect  to  tine  is  called 
acceleration.  The  total  acceleration,  As,  nay  be  resolved  into  components 
parallel  to  the  coordinate  axes  in  the  sane  manner  as  volocity  coaponents 
were  determined. 

That  is, 

dx 

.......  -  x 

dt 

JL  •  y  (7) 

dt 

dz  •• 
dt 

and 

AS  -  (22  ♦  y2  ^  P)f  (8) 

This  acceleration  vector  is  not,  like  the  velocity  vector,  always 
directed  along  the  tangent  to  the  path.  It  may  also  be  resolved  into  two 
components,  tangential,  At,  and  normal,  Aft,  giving  the  total  acceleration 

As  *  (An2  ♦  At2^-  (9) 

Tangential  acceleration: 

The  tangential  component  is  in  the  direction  of  tho  tangent  to  the  curve 
and  is  equal  to  the  time  rate  of  change  of. speed  at  the  point,  P. 
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Noraal  acceleration: 

This  coapcnent  is  noraal  to  the  tangent  at  ihe  point,  P,  and  directed  toward 
the  center  of  curvature  (Fig.  2). 


PPj  is  an  arc  of  the  circle  of  curvature  through  point  P. 

Froa  equation  (9)  and  Fig.  2  we  see  that 

^  -  (As2  -  At2)f  (12) 
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Substituting  equations  (8)  and  (11)  into  equation  (12)  yields 


An 


•»  *  ML  <)  -•  ••  •  II.  A 

(y  *  -  »  y)2  ♦  ■(«_«■■■»  ^)2Mxyy  *)2 


x2  ♦  y2  4  52 


(13) 


Radius  of  curvature: 

The  shape  of  a  curve  at  a  point  depends  upon  the  rate  of  change  of  direc¬ 
tion.  This  rate  is  called  the  curvature  at  the  point.  The  radius  of  curvature 
at  the  point  is  defined  as  the  reciprocal  of  the  curvature  and  may  be  found 
in  the  following  manner: 

Referring  to  Figure  2,  p  is  the  radius  of  curvature  «t  point  P  and 


(14) 


(15) 


(16) 


sin  (6  -  90°)  =  -r— 
ns 

Since 

sin  (8  -  SO*)  «  -  cos  8 

then 

cos  B  « 

A*  • 

The  cosine  of  the  angle,  8,  may  also  be  found  from  the  following  equation: 
cos  8  -  *2  ♦  Pi  1*2  V1  v2* 


where  Aj,  iq,  vi  are  the  direction  cosines  of  the  line  CPf 


X1 


i*l 


V1 


(17) 


and  A2 ,  U2*  v2  are  t*ie  direction  cosines  of  the  vector,  As, 


247 


A?  *  —  K, . 
As 


v2 


v 2  * 


As  * 


Then 


f*  •• 


cos  8  ,  JL*UJ  *  2  » 
P  Aj 


and  fro»  equation  (IS) 


An 


••  M 


.  ,x  X  ♦  y  y  ♦  t  t 

Ms 


-  P 


xi*yV*zt 


y  7 

an 


Since 

p2  ■  x2  ♦  y2  ♦  z2 
and  p  is  constant  fros  P  to  Pi 


then  ..£lP,  »  o  ■  xx*yy*z| 

dt  a 


and  *  0  -  xx  +  yy*z1*x2+y2  +  z2 

p 


or 


xS  +  yy+z  'i  +  x2  +  y2  +  i2* 


x  S  ♦  y  y  ♦  z  ¥  «  -(i2  ♦  y2  ♦  *2), 


Substituting  equation  (3)  into  equation  (23)  yields: 


xx  +  y?>z5-  -  Vt2. 


(18) 


(19) 


(20) 

(21) 


(22) 


(23) 


U4  j 
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Then  using  this  in  equation  (20)  gives: 


froa 


Using  equations  (3)  and  (13)  the  radius  of  curvature  say  also  be  found 


(i2  ♦  y2 


♦  z 

V 


irf- 


t'(y  ‘i :  I'  E)»  ♦  (I  g  -  nFTTTW 


Rate  of  turn: 

In  Figure  (2)  let  the  arc  length  PPj  be  denoted  by  sf  then 
s  ■  up. 

The  tiao  rate  of  change  of  the  arc  length  is 


ar.d  since 


then 


du 

TT 


u 


s 

p 


The  arc  length,  s,  aay  also  be  found  from  the  following  equation 


and  the  derivative  of  s  with  respect  to  t  is 


Substituting  equation  (32)  in  equation  (29)  gives  the  angular  race 
at  which  the  arc  is  changing  or  the  rate  of  turn 

vt 

«  *  (33) 


Rate  of  change  of  trajectory  angles: 

The  tine  rate  of  change  of  the  aziauth  trajectory  angle  is  found  by  taking 
the  derivative  of  equation  (S)  with  respect  to  tine. 


The  tine  rate  of  change  of  the  elevation  trajectory  angle  is  found  in 
the  sane  nanner. 


+  and  0  are  in  radians  per  second. 


2S0 


Standard  deviations: 


Trajectory  angles: 

The  azimuth  angle  is 


♦  *  tan'1  f-Z 


The  variance  of  the  angle  is  found  in  the  following 


manner. 


Since 


♦  •  ft*,  ft 


Z£T  Sii'Uth  *  *  **•  b»  «**—<  i"  «  Tsylor1 


s  series 


(♦  ♦  A*)  "  f(x  ♦  A*,  y  ♦  Ay) 


•  f(i,  ft  *  f( i.  ft  -iiLlift. .  f,,(-4  JlLjjML 

ulan  «,*"  rrr  *nd  tke  priB'5  indi'M,  »«*■ 

C  Neglecting  higher  order  terns  in  equation  (38)  gives 
*♦  *  ^  A* 


Z(^)2  "  \ai7  E(Aij2  ^y)2  ♦  zf&fgiss}  *y 


3.y 


neglected  ^  ^  aPP««hes  zero  and  therefor,  may  b* 


I(A^2  “Vafy  £CAi)2 


1 


mmWCJf1Ldefin!^  aS  th!  Sme  °f  the  scluar«s  of  th«  residual*  divided  by  the 
nuaber  of  observations;  therefore  we  know  7 


V  .  — LlL—  or  r(Ai)l  .  No^2 

(41) 

and 

,  E(A*)2 

°x  *  N~  or  KAX)2  .  NoJ2 

(42) 

°y2  ,  M&L  or  E (Ay)2  .  NO-2 

(43) 

Substituting  these  equations  in  equation  (40)  yields 
cl2  *£rjpf  a:. 


’♦  W  cs 


s/y  °y 


where 


,  £ 

(F  *  y2)2 


x2 


iy7  TFTppn 


therefore 


y2  oi2  ♦  x2  Oy2 
o*  «  — —i-- - L~ 


£2  *  5-2)2 

and  the  standard  deviation  of  the  arinuth  angle  is 

ft1  «2  -  i2  ^ 


“I 


Cx2~V'j'2)i 


(44) 


(45) 


(46) 


(47) 


(48) 


The  standard  deviation  of  the  elevation  trajectory  angle  is  found 
follows: 


as 


8  •  tan' 


W  ♦  y2)& 


(6) 
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The  variance  is  derived  in  the  sane  Banner  as  the  variance  for  the  aziauth 
angle  and 

^  •  (tB  °i2  ’d)  °y2*(n)  °i2 


where 


X2  -z2 


(i2  ♦  y2)(*2  *  y2  ♦  £2)2 


y2  z2 


3yy  (x2  ♦  y2)(x2  ♦  y2  ♦  i2)2 


3z J  (X2  ♦  y2  -  £2)2 


vfc2  <■  y2/ 


°x2  ♦ 


o*2  ♦  (i2  ♦  y2)  0-2 


\k2  *  fr2>  y 

(x2  *  y2  +  £2) 2 


At  this  point  we  will  *ake  the  following  substitutions  which  will 
sirsplify  the  writing  of  this  equation; 

G  ■  (x2  ♦  y2)*- 


°ft2  " 


f2  oj2  ♦  ?2  o^2 

(i2  -  y2)  ~ 


Using  these  substitutions,  and  equation  (3),  equation  (53)  bcccnes 
z2  af.2  *  G2  oj2 


The  standard  deviation  of  the  elevation  trajectory  angle  i.n 


'i2  •  <?°i2\k 


Velocity; 


V£  «  (x2  ♦  y2  ♦  i2£ 


where 


Vt  x  -  x  At 


(P*)2 


»t  y  •  y  At 


Vt  »  -  »  At 

v  V 


i2  ♦  *2  ♦  12 


6$ 


Vt2  ' 


Substituting  in  equation  (63)  yields 


°At  *  (P*)2  °i2  4  (py)2  °y2  4  (pi)2  °l2  4 


i2.  oy2  ♦  y2  <m2  ♦  z2  a*2 


(70) 


The  standard  deviation  of  the  tangential  acceleration  is 


["  i2  gmt2  4  y2  (u2  4 

°At  *  kPx)2  °i2  ♦  (Py)2  ♦  (Pz)2  O*2  ♦  - 5 - — - <1—  (71) 


Normal  acceleration: 


^  -  (As2  -  At2)^ 


The  variance  of  this  acceleration  is  given  by 


♦  0-2  ♦  OW 

Cl T)  y  vlt 
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Using  equations  (64),  (65)  and  (66) 

.2 

±. 


a ?  .  * 


An  V  An  . 


(Px)2  of  ♦  (Py)2  0‘ 2  ♦  (Pz)2  o-2 


Cx)2  °32 


*  (Py)2  O}?2  +  (Pz)2  °f 


The  standard  deviation  of  the  normal  acceleration  is 


(81) 


°AN 


((Px)2  ♦  (Py)2  OJ.2  ♦ 


W*^*)  (|P*)20,i2 


♦  (Py) 2  O-2  ♦  (P2)2  Of) 


(62) 


Rate  of  change  of  trajectory  angles: 

The  rate  of  change  of  the  azimuth  angle  is 


^ .  JJLJJL 

*  i2  ♦  y2  ' 


(34) 


The  variance  is  given  by 


I  ‘dB  °?  V  *(0  t 


(83) 


where 


U •  ( (*?  *  x2)  1  -  Li  y  zJuu£\  -  f/ 

Vaj7  r  (P  TpT?  7 


/an2  . /(i2  *  y2)  X  -  (xy-yx)2A2  .  fx  -2y 
\ajy  (£2 *  y2}2 J  \x2  ♦  y 


.  .\2 


?  .fijiLdetf  ■  L  -L... 

^rrr 


3x/  y  (i2 

3$  ^  3  /  X 


(X2  ♦  y2)\ 


2y/  \*2  ♦  F 


(84) 


(85) 


(86) 


(87) 
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Fros  equation  (97)  the  standard  deviation  of  the  rate  of  change  of  the  elevation 
angle  is 


Radius  of  curvature; 


Conputational  Procedure 

Using  the  velocity  and  acceleration  components  obtained  from  a  smoothing 
routine  and  tne  variances  of  these  components  compute  the  following 

Velocity: 

Vt  «  <i2  -  9*  *  f2£  (1) 


Trajectory  angles: 


e  *  tan  Kg’) 


where 


G  *  (x2  ♦  y2)*- 


Tangential  acceleration: 

A,  „  JL±J-lJ-LJLL 
*  vt 

Total  acceleration: 

As  »  (x2  ♦  y2  ♦  z2)t 


Normal  acceleration: 

A#  ■  (As2  -  A t2)*- 


(2) 

(3) 

(4) 

(5) 

(6) 

(7) 


iUaCc  O  f  change  of  trajectory  angles: 

•  •  %  e  •  • 


♦ 


(S) 


A  *•  * 

k  a  |J  Z  ~  *  U 
Vt2 

wnere 

g  - .  1 K  ;i  ,2 


(9) 


(10) 
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Radius  of  curvstura: 


p «  vt* 

A*  * 

(12) 

Rata  of  turns 

•  vt 

M  » 

P 

U2) 

or  if  th*  radius  of  curvature  is  not  available 

i  .  J*L 
vt  * 

(23) 

Standard  Deviations; 

Valocityt 

%  .(2-3? 4  y  f  « »*  Vs  f 

\  V / 

CM) 

Trajactory  anjlas. 

.  _  /$*  »»*  ♦  JJ 

rJ 

(IS) 

A2  0^2  ♦  G2o,2  ^ 

-  •  r  '  V  *-j 

£16) 

«!»r.  -•»  -  J1  °i!  'J'  °»S 

(17) 
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Tangential  acceleration: 


Nona*!  acceleration: 


JA« 


Rate  of  change  of  trajectory  angles: 


[  (y  -  2x  $)2  ol2  (x  -  2y  2  o>2  +  y2  052  4  £ 

•  ■  \  -*  - - - - - .1.  ■  i.  i  *  ..  -  - 


t 


°e 


(t  -  26  8) 2  at2  ♦  (G  *  2z  0)2  o*2  4  z2  oy2  ♦  G 


V," 


x  G)2  a-2  4  (Gy  -  fr 


•X2  q2  *  y2  G2 


Radius  of  curvature: 


(2x  An  ♦  p  At  Px)2  o^2  (2y  An  ♦  p  At  Py)2  o^2 


♦  (2r  An  *  p  At  P2)2  oj2  ♦  p2  Vt2  ((Px)2  052  ♦  (Py)2  09 

♦  (p2)2 

» 

Rate  of  turn: 
r 

o»  «  I  At  Px  ♦  An  x)2  a^2  *  (p  At  Py  4-  An  y)2  op2  *■  (P  At  Pz  »  As 


(Px)2 


3; 


iU‘ 


3F 


[P.)J  °12 


An 
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D.  VELOCITY  AND  ACCELERATION 

IV  Angular  Velocity  Ace*2#mi©r, 


Z6y 


Preceding  page  blank 


ANGULAR  VELOCITY  AND  ACCELERATION 


Introduction: 


This  program  computes  the  angular  velocity  and  acceptation  (tracking 
rates)  of  a  given  Contraves  camera.  These  tracking  rates  are  inserted  in 
the  Contraves  Predetermined  Function  Generator  (PFG),  which  permits  auto¬ 
matic  tracking  of  a  missile.  The  PFG  directs  the  Contraves  telescope  to 
a  missile  whose  launch  position  and  probable  trajectory  are  known.  The 
Contraves  operator  has  only  to  make  slight  corrections  with  the  joy  stick. 
After  the  predetermined  function  has  been  completed  the  control  automatically 
remains  in  the  hands  of  the  operator.  The  PFG  is  used  whenever  extremely 
high  acceleration  does  not  permit  manual  tracking  or  whenever  the  missile 
is  obscured  from  view  during  the  first  few  seconds  of  flight. 

Description  of  Predetermined  Function  Generator: 

The  PFG  is,  in  principle,  an  electro-mechanical  translator.  The 
elevation  and  azimuth  functions  are  generated  by  cams  the  shapes  of  which 
produce  the  functions  in  polar  coordinates.  A  feeler  resting  on  the  peri¬ 
phery  of  each  disc  actuates  a  precision  potentiometer  as  a  function  of  the 
radial  coordinate  of  the  cam.  The  potentiomutet  then  supplies  a  voltage 
proportional  to  the  predetermined  function  to  the  theodolite.  The  cams  are 
driven  by  a  synchronous  motor  which  insures  that  the  time  factor  will  be 
exactly  represented. 

The  starting  pulse  after  amplification  actuates  a  relay  which  starts 
the  synchronous  motet  and  simultaneously  closes  the  circuit  from  the  poten¬ 
tiometer  to  the  theodolite.  After  about  19  seconds  a  limiting  contact  stops 
the  synchronous  motor  and  returns  the  Contraves  to  the  manual  tracking  mode. 

The  unit  is  of  simple  and  sturdy  construction.  The  two  function  cams 

are  slipped  onto  the  shaft  of  a  turntable  calibrated  in  seconds.  The  posi¬ 

tions  of  the  potentiometer  feelers  are  indicated  by  dials  calibrated  in 
angular  speed. 

Definitions  of  symbols: 

t0  -  time  at  beginning  of  the  interval 

t^  ■  time  at  end  of  the  interval 

oq  *  acimuth  angle  at  time  t0 

ai  «  azimuth  angle  at  time  t£ 

e0  »  elevation  angle  at  time  'O 

i.x  - ,<»tion  angle  a:  time 
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&0  *  azimuth  velocity  at  time  t0 
b.x  •=  azimuth  velocity  at  time  t^ 
e0  =  elevation  velocity  at  time  t0 
»  elevation  velocity  at  time  t^ 

*  azimuth  acceleration  computed  from  azimuth  volocity  at 
time  ti 

cVi  ■  elevation  acceleration  computed  from  elevation  velocity 
at  time  ti 

Spi  -  azimuth  acceleration  computed  from  azimuth  angle  at  time  t£ 

epi  *  elevation  acceleration  computed  from  elevation  angle  at 
time  ti 

*i*  Yi>  zi  “  coordinates  of  missile  with  respect  to  camera  at  the  itn 
time 

vxi»  vyi»  vzi  *  velocity  components  of  missile  with  respect  to  camera 
at  the  ith  time 

Xl,  YL.  Hl  ■  WSTM  coordinates  of  launcher 

*Cp  yC*  *  WSTM  coordinates  of  camera 

X^,  Yai,  ^  «  coordinates  of  probable  or  standard  trajectory  at  the  i**1 
time 

vx»i»  vymi»  ^zmi  ■  velocity  components  of  probable  or  standard  trajectory  at 
the  time 

CF  *  conversion  factor  for  desired  units 
QE  *  quadrant  elevation  of  missile 
A  »  azimuth  of  fire  of  missile  to  be  launched 

$  E  «  (QE  of  missile  to  be  fired)  -  (QE  of  standard  missile) 


Mathematical  Discussion: 

The  rates  to  be  inserted  into  the  PFG  will  be  the  azimuth  and  elevation 
accelerations  that  best  describe  the  changes  which  occur  in  the  azimuth  and 
elevation  during  the  time  interval  to  thru  ti.  The  PFG  utilizes  up  to  ten 
of  these  angular  accelerations  and  time  intervals. 
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The  angular  accelerations  may  be  computed  from  either  the  angular 
velocity  or  the  position  (angles). 

Accelerations  based  on  angular  velocity  are  computed  using  the 
following  equations: 


If  aio  «  ai,  then  azimuth  accelerations  computed  from  the  two  methods 
will  be  equal  and  the  position  (angle)  and  azimuth  velocity  will  be  correct 
at  time  tf. 

If  Sq  ^  then  computing  azimuth  acceleration  from  the  velocity  will 
introduce  a  constant  error  into  the  position  at  time  but  the  azimuth  velo 
city  will  be  correct  at  tj. 

If  Tiq  and  azimuth  acceleration  is  computed  from  the  poi.  lions,  an 

error  will  be  introduced  in  the  azimuth  velocity  but  the  position  at  tj  will 
be  correct.  However,  the  error  in  the  azimuth  velocity  will  produce  a  cumu¬ 
lative  error  in  the  succeeding  positions.  This  cumulative  error  will  soon 
exceed  the  constant  position  error  introduced  by  the  first  method  of  compu¬ 
tation.  Therefore  the  following  reduction  is  based  on  the  first  metnod  of 
computing  accelerations  from  velocities.  The  previous  discussion  also 
applies  to  the  elevation  acceleration  computation. 

The  angular  velocities  are  derived  as  follows: 

If  u  »  F(x,  y,  z) 
and  x  =■  fj  (t) 


y  3  f2  (0 

z  -  f3  (t) 
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where 

305  -y^ 

"  “5* T  yi2 


"  *Xi2  ♦  y,2 
3a< 

“T~  «  0 


Substituting  • 

*  3x  *  3y  ' 


3aj 

3Z  *n  •quetion  (1),  it  is  easily  ^aen  that 


If  «i 


a  » 


Yyi  -  yj  Vxj 
xi2  4  Xi2 


u^  *  tan** 


(2] 


and  ^  -  a/  -^Avx4  ♦  ^~^V„4 


rr\ 


where 

3ej  _ -xj  tj _ 

3X  (xpT  yi2)^  (Xi?-  ♦  yi2  ♦  Xi2) 

9cj  _ _ -yi  2j _ 

3 y  (Xi2  ♦  Xi2)*.  (Xi2  ♦  yt2  ♦  Si2) 

3cj  b  (xj2  ♦  yj2)^- 
az  (Xi2  ♦  yt2  ♦  Zi2) 

.Substituting  in  ecluati°n  (3) , 

j  gai  *  yj2)  V^i  -  2i  V**  *  Y1  Vv0 

(xi2  ♦  yi2)<  (xi2  ♦  yi2  ♦  si2) 


Computational  Procedure: 

Angular  velocities  and  accelerations  of  a  camera  may  be  computed  from 
either  a  standard  trajectory  supplied  by  the  contractor  or  from  the  trajectory 
data  of  a  missile  which  has  the  sane  trajectory  as  that  expected  from  the 
missile  to  be  fired.  The  trajectory  used  must  be  with  respect  to  the  missile 
lino  of  fire. 

For  each  camera  compute  the  coordinates  of  the  launcher  with  respect  to 
the  camera  and  rotate  the  coordinates  through  angle  A  as  follows: 

X  -  (YL  -  Yc)  cos  A  ♦  (XL  -  XC)  sin  A 

y  .  -(Yl  -  Yc)  sin  A  ♦  (XL  -  Xc)  cos  A 

Z  ■  HL  -  Ifc 

where  1  A  -  Azimuth  of  fire  of  missile  to  be  launched 
XL.  Yl,  Hl  •  WSTM  coordinates  of  launcher 
Xc>  HC  "  WSTM  coordinates  of  camera 
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The  probable  or  standard  trajectory  data  for  each  ith  tiBe  required 
is  then  rotated  through  angle  E.  The  equations  for  rotating  positions  are: 

^i  *  xai  cos  B  -  Zoi  sin  E 

Y».  «  Y  . 
mi  ‘ax 

z*i  "  X*!  B  ♦  Zai  cos  E 

an<S  velocity  components  become: 

Vxi  *  Vxai  C05  E  ’  vMi  *in  E 
Vyi  “  Vyai 

Vzi  •  Vxmi  sin  E  *  Vz«i  cos  E 

where 

*  E  *  (QE  of  missile  to  be  fired)  -  (QE  of  standard  trajectory) 

*mi»  Y*i»  2*1  E  Coordinates  of  probable  or  standard  trajectory  at  the  i*^ 
time 

vxai-*  vysi»  vzsi  *  Velocity  components  of  probable  or  standard  trajectory 
at  the  ith  time 

The  positions  with  respect  to  the  camera  at  the  ith  time  then  become: 

*i  -  (X)CF  ♦ 
yi  -  (Y)CF  ♦  y;. 

*i  •  (Z)CF  V 

where  CF  »  conversion  factor  to  desired  units. 


276 


The  angular  velocities  are  computed  as  follows: 


xi  vXi  *  Xi  Vxi 


*  .  ^xi2  *  yi2)  v*i  '  zi  (*i  Vxi  *  yi  vyi) 

Gl  <xi2  ♦  yi2)^  (Xi2  ♦  /i2  ♦  Zj2) 

and  the  angular  accelerations,  computed  from  the  angular  velocities,  are 

°i  ~  °£-l) 
ti  -  r(i-l) 

.  H  ~  ^ 
ti  “  *(1-1) 

“i»  *i  arc  in  doKrees/sec 
“vi*  eVi  are  in  degrees/sec2 


•  t 

Qv1 


( 
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or  using  equation  (2)  the  rotation  and  translation  becore 


V.  -  V, 


XL  *  XC 


1!i.  '  »C 


►[A]  [E] 


Xmi 

4 

V 

Yc 

1 

X. 

l 

Ymi 

=2 

i 

V 

i 

mi 

+ 

XL 

xc 

a 

» 

Y. 

l 

z  . 

ITU 

u  - 

i 

Z  . 
nu 

V 

!ic 

» 

Z. 

L  1  J 

(5) 


J 

If  tiie  positions  are  rotated  and  translated  in  the  above  manner  then  the 
velocity  components  must  also  be  rotated  through  the  same  angles  as  the  positions 
were.  That  is, 


[A]  [hi 


i-  q 

v  . 

-  • 
v  . 

xml 

XI 

» 

V 

V  . 

ymi 

yi 

i 

V  - 

v  . 

zmi 

L  21 J 

(6) 


The  results  of  equations  (5)  and  (6)  are  then  used  in  the  equations  for 
finding  the  angular  velocities  and  accelerations. 

It  may  be  of  interest,  at  this  point,  to  note  that  equation  (S)  above  and 
the  equations  for  L  in  the  Handbook  are  not  equal.  This  is  explained 

in  the  following  paragraphs. 

In  the  Handbook  the  coordinates  of  the  launcher  with  respect  to  the  camera 
are  first  rotated  through  angle  A  by  use  cf  the  inverse  matrix  [A]  . 


[A]' 


•T"1 

-< 

i 

l 

X 

U  L 

\  -  xc 

a 

Y 

!  \  ■  "c 

- 1 

_ 1 

U  j 

(7) 


4 
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Since  -A]  is  an  orthogonal  transformation  we  have 

“I 


[A]*1  =  [a] 


S  cos  A  sin  A  0 

l 

■'sin  A  cos  A  0 

0 


(8) 


0 


i  ! 

j 


an~  so.vi.ig  for  X,  Y,  2  in  equation  (7)  yields  the  equations  in  tiie  Handbook. 
That  .s, 

X  -  .'X.  -  Xr)  sin  A  +  (Y.  -  Y„)  cos  A 

u  L  L  L 

Y  -  (X,  -  Xc)  cos  A  -  (Y,  -  Yr)  sin  A 


C/ 


(9) 


Z  =  HL  *  "c 


Tne  next  step  in  the  Handbook  is  to  rotate  the  position  of  the  nissile 
at  the  i1"*1  time  tJirough  the  angle  b.  In  matrix  from  this  becomes 


(li] 


in  the  Handbook. 


[A] 


-I 


- 

» 

» 

x  . 

X  . 

mi 

mi 

Y  . 

3 

t 

Y  . 

mi 

mi 

Z  . 

t 

Z  . 

mi 

mi 

L 

0  anc 

(10)  are 

then  added  to  obtain  the  X. ,  Y. 

i*  l 

_ 

r 

1  r  i 

Y.  - 

Yr 

1 

X  -  i  1  X- 

L 

c 

! 

mi  i  11 

’  l 

X.  - 

L 

xc 

+ 

m 

Y  .  1  =  ’  Y. 

mi  i  i  l 

H.  - 

Hr 

j 

Z  •  ;  Z. 

L 

c 

;  mi  1  i 

A 

t-  .J  - 

(10) 


(11) 
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If  it  is  desired  to  obtain  the  position  of  the  missile  with  res;>ect  to 
the  camera  in  the  same  reference  system  as  in  equation  (5)  tiien  one  more 
rotation  througn  the  angle  A  is  necessary.  Rotating  equation  (11)  through 
angle  A  yields  the  following  matrix  form: 


[A]  [A]' 


or 


VL  *  YC 

XL  *  XC 
IU 


i  ‘:L 


yl- YC 


X. 


xc 


II,  -  II, 


fA] 


!  X 


[A]  [i:j 


mi 


m 


mi 


mi 


mi 


mi 


and  equation  (13)  is  equal  to  equation  (5). 


X. 

l 

-  [A] 

l 

Y. 

l 

7 

|/ 

J 

• 

xi 

t 

Y. 

l 

1 

L“i  J 

X. 

l 

I 

Y. 

l 

t 

*7 
Lt  . 
1 


(13) 


This  last  rotation  is  unnecessary  because  the  only  tilings  being  con¬ 
sidered  in  this  reduction  are  the  angular  velocities  and  accelciations.  If 
the  azimuth  angle,  ,  were  to  be  'computed  from  equation  (5)  it  would  differ 
from  the  azimuth  angle  computed  from  equation  (11)  only  by  the  constant  angle 
A,  Confuting  the  angular  velocity  using  the  azimuth  angle  in  the  case  of 
that  computed  from  equation  (5)  yields 


d  (  i)  =  a 

Tt 


and  using  equation  (II )  gives 
d  (  £.-  A)  • 

. .  ■  =  Q 

do 
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POSITIONAL  DERIVATIVES  FROM  RANGE  OR  ANGULAR  DERIVATIVES 


Introduction: 

This  is  a  method  used  to  compute  the  positional  velocity  and  acceleration 
components  using  derivative  data  obtained  from  ranging  or  angular  measuring 
systems . 

The  least  squares  method  is  employed  to  obtain  the  positional  velocity 
and  acceleration  components, 

The  equations  used  to  compute  the  velocity  and  acceleration  components 
and  their  variances  are  derived  in  this  report. 

Several  applications  of  this  technique  are  shown. 


Mathematical  Procedure: 

Velocity  Components 

The  coordinates  (x,  y,  z)  of  a  point,  P,  on  a  curve  are  expressed  as 
functions  of  a  third  variable,  or  parameter,  t,  in  the  form 

u  -  F(x,  y,  z) 

where  x  •  f ^ (f ) 

y  »  f2(0  (1) 

Z  «  f3(t). 


The  velocity,  or  time  rate  of  change  of  the  moving  point,  P,  at  any 
instant  is  found  by  taking  the  derivative  of  the  function,  u,  with  respect 
to  t. 


where  •  ,  and  ~-g~—  are  the  positional  velocity  components. 

x 

y 

» 

Preceding  page  blank 


dx  , 

nr 


dz  . 

nr 


Letting 


3u, 


3x 

3lH 


3y 

3ui 


3z 


-  cj 


(3) 


*nd  substituting  in  equation  (2)  gives 
du-t 


dt 


ij  ■  k  aj  ♦  y  bj  ♦  £  Cj 


(«) 


for  the  jth  observation,  j  «  1,  2,  3  •••  n. 


Using  the  least  squares  procedure  on  equation  (4).  the  sisa  of  the  squares  of 
the  residuals  is  given  }>y 


S  ■  l  [uj  -  i  -  y  bj  -  z  CjJ^ 
j»i 
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The  sunt,  S,  is  ainiaized  by  equating  its  partial  derivatives, 

and  — r—  ,  to  zero  and  solving  the  three  simultaneous  equations  for  x,  y,  and 
3z 

z«  Thes*  equations  are: 

*  E(ap2  ♦  f  I(aj  bj)  ♦  I  E(aj  Cj)  -  E(uj  aj) 

i  E(aj  bj)  ♦  y  I(bj)2  ♦  z  r(bj  Cj)  »  Z(uj  bj) 


k  l(*j  cj)  ♦  y  E(bj  cj)  ♦  z  I(cj)2  -  I(uj  Cj) 


(5) 


(6) 
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In  matrix  form  those  equations  become 


E(aj)2  J (aj  bj)  I(aj  cj)~ 

r,- 

E(uj  aj) 

E(aj  bj)  E(bj)2  E(bj  cj) 

• 

y 

m 

EC&j  bj) 

_E(aj  cj)  £(bj  cj)  E(cj)2 

• 

z 

x,  y  and  i  may  then  be  solved  for  using  the  following  matrix  form. 


V 

'r(aj)2 

I(aj  bj) 

I(aj  cj) 

-1 

~rc&j  «j)‘ 

• 

y 

K 

E(aj  bj) 

I(bj)2 

Kbj  cj) 

E(t«j  bj) 

JCaj  cj> 

C(bj  Cj) 

I(Cj)2 

_E(fij  Cj)_ 

(7) 


(8) 


Variances  of  the  Velocity  Comport en t s 

From  equation  (4),  the  residual  of  the  jth  observation  is 

6uj  -  (uj  -  x  aj  -  y  bj  -  i  cj),  (9) 

An  estimate  of  the  variance  of  u  is  defined  as  the  sum  of  the  residuals 
squared  dividod  by  the  degrees  of  freedom. 


E(6uj)2 

d*f. 


(10) 


where  d.f.  «  n  -  3,  and  n  is  the  total  number  of  observations. 

The  variances  of  the  velocity  components  are  computed  using  the  a{ j2 
above  and  the  elements  of  the  inverse  of  the  least  squares  coefficient 
matrix.  Rewriting  equation  (8)  as 

(V)  »  [A]-*  (Bj  (11) 


287 


then  the  variance  of  [V]  is  o^2  [A]”*.  If  Ajj  is  the  element  of  the  i^**  .-ow 
and  jth  column  of  [A]ri  then  the  variances  of  the  velocity  components  are 

°*2  "  Ofi2  An 

o^2  ■  otf  A22  (12) 

m  °t2  A33  * 


Acceleration  Components 

The  acceleration,  or  time  rate  of  change  of  the  velocity,  of  the  point, 

P,  at  any  instant  is  found  by  taking  the  derivative  of  the  velocity  of  the 
function  with  respect  to  t«  From  equation  (4),  the  velocity  of  the  function  is 

uj  •  i  kj  ♦  y  bj  ♦  z  cj.  (4) 


The  derivative  of  uj  with  respect  to  t  is 


i^jL  -  tu  -  k  JiL.  ♦  ai  JL  v  *  J±L  ♦  b< 

dt  J  dt  J  dt  dt  dt 


♦  i  dci-  ♦  Ci  JL  (13) 


dt 


dt  * 


,  JL  .  end  Jh  are  the  acceleration  components  and 
dt  dt  dt 


-jM 


(14) 


(IS) 
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Substituting  equations  (14)  and  (IS)  in  equation  (13), 


M  a*  •  a  «•  m  •»  l* 

ttJ  -  x  Bj  ♦  y  6j  ♦  *  Cj  ♦  x  aj  ♦  y  bj  ♦  *  Cj 


Using  the  least  squares  procedure  on  equation  (16) a  the  sura  of  the 
squares  of  the  residuals  is  given  by 

n  _ 

s  •  Ij  f“j  -  *  »j  -  y  6j  -  1  Cj  -  X  -  y  bj  -  I  Cj)  . 


dS  3S 

The  sum,  S,  is  minimized  by  equating  its  partial  derivatives  ant* 

,  to  zero  and  solving  the  three  simultaneous  equations  for  x,  "y  and  z. 


These  equations  are: 

x  I(aj)2  ♦  y  l(aj  bj)  ♦  z  I(aj  cj)  «  Z[uj  -  x  aj  -  y  bj  -  z  Cj)  aj 

x  Z( Bj  bj)  ♦  y  r(bj)2  ♦  Z  £(bj  Cj)  *  E[uj  -  x  aj  -  y  bj  -  z  cj)  bj 

x  r(aj  Cj)  ♦  y  E(bj  Cj)  ♦  z  £{c.j)2  ■»  E[uj  -  x  aj  -  y  bj  -  x  Cjj  Cj  . 

In  matrix  form  these  equations  become 


I(aj)2  Z(Bj  bj) 

EUj  bj)  Z (b j )  2 

I(aj  Cj)  E(bj  cj) 


I(ajCj)'r;l  fl(Uj 

E(bj  Cj)  y  *  £(uj 

E(cj)2  J  LzJ  J( uj 


y  6j  »  z  cj)  aj 
y  6j  -  z  cj)  bj  (19) 

y  £i  -  *  cj_  . 


Rewriting  equation  (19)  in  the  form 
[A]  M  -  [CJ, 


x,  y  and  z  are  solved  for  by  using  the  matrix  form 
[*)  «  (Aj'1  [CJ. 
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Variances  of  the  Acceleration  Components 


Using  equation  (16),  the  residual  of  the  j**1  observation  is  found  to  be 

iuj  -  (uj  -  x  aj  -  y  bj  -  z  Cj  -  x  aj  -  y  bj  -  Z  cjj.  (22) 

An  estimate  of  the  variance  of  u  is  defined  as  the  *'M  of  the  squares 
of  the  residuals  divided  by  the  degrees  of  freedom. 


9 


E(6Uj)2 
d.  f.  * 


(23) 


where  d. f „  ■  n  -  3,  and  n  is  the  total  number  of  observations. 

»no  variances  of  the  acceleration  components  are  found  using  ojj2  above  and 
the  elements  of  the  inverse  of  the  least  squares  coefficient  matrix.  This 
matrix  is  the  same  as  the  inverse  of  the  coefficient  matrix  used  to  compute  the 
velocities.  Using  equation  (21),  the  variance  of  [#J  is  o\j2  [A]"1.  Aij  is 

again  the  element  of  the  i*h  r0w  and  j**1  column  of  [A)-1  and 
ox2  -  oS2  Alx 

oji2  ■  oft2  A22  (24) 

a?2  -  oft2  A33  . 


Applications 

Oovap  data:  This  system  measures  an  ellipsoid  of  revolution  about  a 
preselected  transmitter  and  some  ith  receiver.  Velocity  components,  usi..* 
position  data  from  any  source  and  the  time  rate  of  change  of  the  loop  range 
from  dovap,  are  found  as  follows. 

The  loop  range  is 

uj  -  fxt2  +  yt2  ♦  it2]1  ♦  [Xi2  ♦  Yi2  ♦  ri2]fe 


where 

yt*  zt  aro  position  coordinates  of  the  missile  with  respect  to 
the  transmitter  at  time  t, 

X£,  yi  xi  are  position  coordinates  of  the  misfile  with  respect  to 
the  ith  receiver  at  time  t. 
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uj  is  the  time  rate  of  change,  or  velocity,  of  the  loop  range  observed  from 
the  j*™  dovap  at  time  t. 

aj,  bj,  cj  and  fij  are  computed  for  each  station  and  substituted  in  equation 
(8)  to  solve  for  x,  y  and  z. 

Acceleration  component*  are  found  in  a  similar  manner  using  position  and 
velocity  data  from  any  source  and’the  time  rate  of  change  of  the  velocity 
of  the  loop  range,  aj,  bj  and  Cj  are  the  same  as  those  computed  for  velocities 
and 


where 

Rt  -  [xt2  ♦  yt2  ♦  zt2r 


and  , 

Ri  *  [xj2  ♦  y*2  +  Zi2]*- 


Uj  is  the  time  rate  of  change  of  the  velocity  of  the  loop  range. 
Equation  (19)  may  then  be  used  to  solve  for  x,  y  and  i. 


Cinetheodolite  data:  This  system  measures  a  line  in  space  defined  by  an 
azimuth  angle  (<*j)  and  an  elevation  angle  (cp.  Velocity  components,  using 
position  from  any  source  and  the  time  rate  of  change  of  the  azimuth  and  eleva¬ 
tion  angles,  are  found  in  the  following  manner.  In  this  case  each  azimuth 
angle  is  considered  as  an  individual  observation  and  each  elovation  angle  is 
considered  as  an  individual  observation.  If  only  azimuth  angles  are  available 
there  is  no  solution  for  the  velocity  component  in  the  z  direction. 

When 
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theodolite  at  time  t?’  Qls^rZcess^fZn000?1^**0*  with  re*P«ct  to  the  jth 
of  each  theodolite  at  the  time  t  5°^°^  £°l  *Ach  and  elevation 

matrix  are  computed  and  from  equ«iS  (8)  * TYarf  ?4m  co«ffi<*«nt 

rate  of  change  of  the  angle.  *  are  tit0n  fouad*  &j  is  the 

^Jto^of" component,.  T*e  co¬ 
velocity  component,.  When  in  the  ,M,#  as  th03e  u*ed  to  confute 

uj  "  aj 


.  dc.j 

C;  «  -  -  <;  ■ 

3  dt 


■  ~  ^  *  n  X  .  2y,  y) 

l*J*  ♦  yj2)2 

ij«j2  «■  -  x,  j .  2y. }} 

(Xj2  4  yj2)2 


When 

UJ  -  €j 


then 
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-/j  «J 

Dj  (Xj*  ♦  /)  2)'i 

(*j2  v  /j2)4 


Taking  the  derivatives  of  aj#  bj  and  Cj  with  respect  to  t,  gives 
.  -  Dj  (*i2  ♦  yj2)(*i  *  ♦  ij  x) 

b  m~i t  — ^sp'ixjn  -yjV  ” 4 

xi  zi  (*j  *  ♦  yj  y)  ♦  (*j2  ♦  yj2)  &j] 


Dj2  (xj2  ♦  yj2)* 


b  .  dt^  .  ~  DJ  t*i2  *  yj2)  (yj  *  ♦  *j  y) 

^  dt  D<2  (x<2  ♦  y 42)^ 


’J  *  dt 


Dj2  (xj2  ♦  yj2)* 

yj  «j  [pj  (Xj  x  ♦  yi  y)  ♦  (xj2  ♦  yj2)  6j] 
■Dj2  (xj2  ♦  yj2^ 

Dj  (xj  x  ♦  yj  y)  -  (xi2  ♦  yj2)  Dj 


Dj2  (xj2  ♦  yj2)* 


where 


Dj  ■  2  xj  x  ♦  2yj  y  ♦  2'  Zj 


Uj  is  the  tiae  rate  of  change  of  the  velocity  of  the  angle. 

These  values  are  computed  for  each  angle  of  each  theodolite  at  tiae  t. 
Equation  (19)  is  then  used  to  solve  for  x,  y  and  z\ 

Velociaeter  data:  This  systea  is  a  high  frequency  doppler  system  whicfe 
provides  the  tiae  rate  of  change  of  the  range. 

uj  -  Rj  -  (xj2  ♦  yj2  *  Zj2)4 


*y  Rj 
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where  xj,  yj ,  zj  are  position  coordinates,  from  any  source,  with  respect  to 
the  velocimeter. 

These  values  are  substituted  in  equation  (8)  and  x,  y,  z  are  computed. 

To  compute  acceleration  data,  aj,  bj  and  Cj  are  the  same  values  as 
computed  for  the  velocities  and 


where 


6  is  the  time  rate  of  change  of  the  velocity  of  the  range.  Equation  (19) 
is  then  used  to  solve  for  x,  y  and  z. 
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I  Earth  Centered  Inertial  Coordinate  Systes 
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EARTH  CENTERED  INERTIAL  COORDINATE  SYSTEM 


In  this  discussion  we  shall  develope  and  derive  the  equations  needed  for 
transforming  component  positions,  component  velocities,  and  component  accelera¬ 
tions  in  White  Sands  Cartesian  System  to  component  positions,  component  velocities 
and  component  accelerations  in  an  Earth  Centered  Inertial  System. 

a 

WSCS  is  a  left-handel  system,  (x,  y,  2)*  with  the  x  and  y  axes  in  &  plane 
tangent  to  the  earth.  Ir  the  following  development  the  origin  of  the  WSCS  is 
translated  to  the  point  cf  tangency  of  this  plane  on  the  Clarke  spheroid  of 
1866.  The  x-axis  is  aligned  positive  to  tha  north;  the  y-axis  positive  to  the 
east;  and  the  t-axis  positive  up  along  a  plumb  lino  at  the  point  of  tangency. 

The  EC!  system,  {Rx,  Ry,  R*),  is  a  right-handed  cartesian  system  with  its 
origin  fixed  on  the  earth's  spin  axi3  in  the  equatorial  plane.  The  orientation 
of  its  axes  remains  fixed  in  space  while  its  origin  moves  in  a  path  through 
space  coincident  with  the  earth's  motion.  The  initial  orientation  of  the  ECI 
axes  ig  determined  for  each  mission  as  follows:  the  positive  Rx  axis  lies  in 
the  earth's  equatorial  plane  directed  toward  the  longitudinal  meridian  of  the 
missile  launcher  at  missile  flight  time  t  *  to;  the  positive  Rz  axis  is  directed 
south  along  the  earth's  spin-axis;  the  Ry  axis  completes  the  right-handed  set.. 

Definitions  used  in  the  derivation: 

a  is  the  semi-major  axis;  and  b  is  the  semi-minor  axis  of  the  Clarke 
Spheroid  of  1866 ^ 

4  is  the  geodetic  latitude  of  the  WSCS  point  of  tangency, 

6  is  the  geocentric  latitude  of  the  WSCS  point  of  tangency. 

\ 

tan  $ j  , 


A^  is  the  longitude  of  the  launcher.  (Negative  in  the  Western  hemisphere.) 

Xq  is  the  longitude  of  the  WSCS  point  of  tangency.  (253°4Q'  or  -lu6°20'). 

u  i.s  the  earth’s  ar.guiar  velocity  in  radians/sec.  (+7.29211  x  lu*^)  . 

t  is  the  time  relative  tc  lift  at  which  a  coordinate  point  in  WSCS  is  to 

be  transformed  into  ECI  coordinates. 


is  related  to  0  by  G  *  tan-1 


AX  *  (Xq  +  uit )  - 

R  is  the  geocentric  radius  of  the  WSCS  point  of  tangency  defined  0 y 


Procedure: 


The  WSCS  is  first  rotated  about  the  east-west  or  y-axis  thru  an  angle 
of  (90  -  4)  and  yields  the  coordinate  values  (x*,  y',  z’).  (Seo  Figure  1) . 

x*  ■  x  cos  (90  -  4)  -  z  sin  (90  -  4) 

y*  *  y 

z*  *  x  sin  (90  -  4)  *  z  co:i  (90  -  4) 


or 


x'  »  x  sin  4  -  z  cos  4 

y'  “  y 

z*  «  x  cos  4  ♦  z  sin  4 


In  matrix  form 


x 

y  1 

z 


sin  4 
0 

cos  4 


0  -cos  4 

1  0 

0  sin  4 


rx~ 

1 

y 

z 

Earth's  spin 
axis 


Longitude  of  WSCS 
Point  cf  Tangency 


FIGURE  1. 


(1) 


(2) 


(3) 
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A. second  rotation  about  the  z*  axis  thru  an  angle  of  (ISO0  ♦  hx)  yields 
coordinate  values  (x",  y",  z")  (Figure  2) .  1  yields 

*"  *  x*  cos  (180°  ♦  AX)  ♦  y«  sin  (180°  ♦  AX) 
y"  -  -x'  sin  (180°  ♦  AX)  ♦  y'  cos  (180°  ♦  AX) 
z"  *  z' 


or 

x'»  -  -x*  cos  AX  -  y'  sin  AX 
y"  -  x'  sin  AX  -  y*  cos  AX 
z"  ■  z' 

and  in  matrix  notation 

fx"  -cos  AX  -sin  AX 

y"  -  sin  AX  -cos  AX 

x"  0  0 


Earth's  spin 
axis 


x' 

y 

z' 


FIGURE  2. 
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The  system  (x",  y",  2")  is  a  left-handed  cartesian  system  which  has  its 
axes  parallel  to  the  ECI  system  required.  To  convert  the  (x",  y**,  z*')  to  a 
right-handed  cartesian  system  (x,M,  yM,#  s,M)  with  its  axes  parallel  to, 
and  in  the  sane  direction  as,  the  axes  of  the  ECI  systea  we  have 

X'M  «  X" 

y*  » •  ■  y" 

I'"  .  -2*'. 

It  is  now  necessary  to  translate  the  (x**1,  y"*,  z,M)  to  the  ECI  origin 
(Rx,  Ry,  Ri).  (Figure  3). 

Rx  ■  x'"  *  R  cos  6  cos  AA 

Ry  ■  y»"  -  R  cos  9  sin  AA 

Rx  *  z'"  -  R  sin  0, 


FIGURE  3. 


In  matrix' notation  the  complete  rotation  and  translation  from  the  left- 
handed  WSC3  to  tl\e  right-handed  ECI  coordinate  system  is 


Ry  •  sin  AA  -cos  AA 


-cos  AA 


-sin  AA 


sin  4 


CCS  4 


•cos  4~j 


sin  4 


i  R  cos  6  cos  AA 


♦  -R  cos  0  sin  AA 


-R  sin  « 


-cos  AA  sin  4  -sin  AA  cos  AA  cos 


cos  4 


,1  M 


sin  AA  sin  4  -cos  AA  -sin  AA  *cos  4 


-sin  4 


R  cos  0  cos  AA 


♦  -R  cos  0  sin  AA 
-R  sin  0 


Component  Velocities 

Rx,  ky  and  Rz  may  be  differentiated  with  respect  to  time  to  determine 
the  component  velocities.  The  component  velocities  are  derived  as  follows. 
From  equation  (10) , 

Rx  *  -x  eos  AA  sin  4  -  y  sin  AA  *  1  cos  AA  cos  4  ♦  R  cos  6  cds  AA 
Ry  ®  x  sin  AA  sin  A  -  y  ccs  AA  -  z  sin  AA  cos  4  -  R  co?  8  sin  AA 


Rz  ■  -x  cos  4  -  z  sin  4  -  R  sin  0. 
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Differentiating  equation  (11)  with  respect  to  time  gives 


ftx  “ 


-x(-sin  AA  sin  ^)  - (cos  AA  sin  $)  - - y  (cos  AA) 


(sin  AA)  -4^-  ♦  z(-sin  AA  cos  $)  *  ~4r~  cos  dA  cos  ♦ 


dt 

■R(sin  AA  cos 


6)^A+-dR. 

J  V^dty  dt 


dt  dt 
(cos  e  cos  AA) 


(14) 


wher* 


M. 

dt 


u 


dx 

dt 


dR 

dt 


J&L.  .  I 

dt  r 


d2 


F 


du 

IT 


dz 

dt 


*  z. 


Substituting  these  values  in  equation  (14)  yields 

4 

Rx  •  ux  sin  AA  sin  ♦  -  uy  cos  AA  -  «z  sin  AA  cos  *  -  uR  sin  AA  cos  0 

-  x  cos  AA  sin  $  -  y  sin  AA  ♦  z  cos  AA  cos  4 

or 

.  Rx  «  (d[x  sin  AA  sin  $  -  y  cos  aA  -  z  ssn  aA  cos  4  -  R  cos  8  sin  AA) 

-  x  cos  AA  sin  $  -  y  sin  AA  +  z  cos  AA  cos  (15) 

Fro®  equation  (12)  we  know 

Ry  ■  x  sin  AA  sin  $  -  y  cos  AA  -  z  sin  AA  ccs  $  -  R  cos  ft  sin  AA.  (12) 

Substituting  this  in  equation  (15)  gives 

Rx  «  uRy  -  x  cos  AA  sin  $  -  y  sin  AA  +  z  co.  AA  cos  (lb) 

Differentiating  equation  (12)  in  the  sase  Banner  yields 

fey  ■  u[x  cos  AA  sin  $  ♦  y  sin  AA  -  z  cos  AA  cos  4  -  R  cos  AA  cos  8) 

♦  x  sin  AA  sin  4  -  y  co*  AA  -  z  sin  AA  cos  (1?) 
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Substituting  equation  (11)  into  equation  (17)  we  have 

Ry  *  -wRx  *  x  sin  AA  sin  4  -  y  cos  AA  -  z  sin  AA  cos  4, 

Differentiating  Kz  (equation  (13)), 

Rz  ■  -x  cos  4  -  z  sin  C19) 

Suaaarizing  the  velocity  components 

Rx  »  wRy  -  x  cos  AA  sin  4  -  y  sin  AA  ♦  z  cos  AA  cos  4  (16) 

Ry  ■  -«RX  ♦  x  sin  AA  sin  4  -  y  cos  AA  -  2  sin  AA  cos  4  (18) 

Rj-  »  -  x  cos  4-z  sin  4.  (19) 


In  matrix  fora  the  velocity  components  in  the  ECI  coordinate  system  are: 


V] 

-coa  AA  tin  4 

•tin  AA 

Ry 

• 

cin  AA  tin  4 

-cot  AA 

R* 

-cot  4 

0 

— 

-  — 

■**  — 

cot  AA  COS  4 

« 

X 

Ky 

-tin  AA  cot  4 

* 

y 

t  U 

-Rx 

-tin  4 

1 

0 

L.  -J 

(20) 


Component  accelerations 

The  component  accelerations  are  found  by  taking  the  first  derivatives 
of  the  component  velocities  and  are  found  in  the  following  manner, 


Differentiating  equation  (IS)  with  respect  to  time  and  collecting  torus 
yields 

f?x  *  w2  x  cos  AA  sin  4  ♦  u2  y  sin  AA  -  u2  z  cos  AA  cos  4 
-w2  -R  cos  AA  cos  e  *  2u  x  sin  AA  sin  4  -  2w  y  cos  AA 

-  2w  2  sin  AA  cos  4  -  x  cos  AA  sin  4  -  y  sin  AA  ♦  *r  cos  AA  cos  4 

or 

Rx  *  u2(x  cos  AA  sin  4  ♦  y  sin  AA  -  z  cos  AA  cos  4  -  R  cos  AA  cos  6] 

♦  2«[x  sin  AA  sin  4  -  y  cos  AA  -  2  sin  AA  cos  4]  (21) 

-  x  cos  AA  sin  4  -  y  sin  AA  ♦  V  cos  AA  cos  4. 
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Using  equations  (11)  snd  (18)  we  sea  that 

2% >ky  *  m2Rx  ■  m2[x  cos  AX  sin  4  ♦  y  sin  AX  -  z  cos  AX  cos  4 

•  R  cos  AX  cos  8]  ♦  2w[x  sin  AX  sin  4  -  y  cos  AX 

•  •  * 

-  x  sin  AX  cos  4).  (22) 

a 

Making  this  substitution  in  equation  (21)  yields 

Rjj  ■  -  x  cos  AX  sin  4  -  y  sin  AX  ♦  V  cos  AX  cos  4  .♦  2«fcy  ♦  «2Rx.  (23) 

In  a  like  Banner  Ry  and  ft*  become 

Ry  ■  x  sin  AX  sin  4  >»  y  cos  AX  -  z  sin  AX  cos^  4  -  2uRx  *  «2Ry  (24) 

Rt  ■  -  x  cos  4  -  t  sin  4.  .  (25) 

In  matrix  fora  the  acceleration  components  in  the  ECI  coordinate  system  become 


•cos  AX  sin  4 
sin  AX  sin  4 
•cos  4 


-sin  AX  cos  AX  cos  4 

1 

-cos  AX  -sin  AX  cos  4 
0  -sin  4 


(26) 
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F.  WEATHER  DATA 

I  Derivative  Data  and  Weather 
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DERIVATIVE  DATA  AND  WEATHER 


Introduction 


This  program  determines  ground  range,  slant  range,  and  height  of  the 
rissi.le  above  mean  sea  level  from  trajectory  data  components.  True  air 
speed,  indicated  air  speed,  mach  number,  dynamic  pressure,  drag  accelera¬ 
tion,  drag  force,  and  drag  coefficient  are  computed  frca  atmospheric  data 
and  trajectory  data.  Height  above  sea  level  as  a  function  of  density  and 
of  pressure  may  be  computed  instead  of  ground  range  and  slant  range. 

Air  weather  information  is  obtained  from  a  WSMR  air  weather  site  and 
from  a  WSMR  model  atmosphere  table.  If  the  missile  exceeds  the  altitude  of 
the  observed  air  weather  data,  then  a  model  upper  atmosphere  table  is  used 
for  the  higher  altitudes.  Atmospheric  data  such  as  temperature  (T),  pressure- 
(P) ,  relative  humidity  (f),  wind  speed  (Vw)  and  direction  from  which  the  wind 
is  coming  (0)  are  interpolated  to  the  height  of  the  missile. 

Telemetry  data  may  be  used  if  available;  otherwise  vacuum  thrust  (Fv) 
and  weight  of  fuel  (Kf)  will  be  set  to  zero  for  the  entire  trajectory. 

Any  available  trajectory  data  in  standard  DRD  format  may  be  used. 

The  equations  derived  assumd  that  all  quantities  are  expressed  in  a 
consistent  system  of  units  (either  the  English  or  Metric  system  for 
position  units,  usually  the  Metric  system  for  meteorological  relationships). 

In  computing  it  is  necessary  to  include  conversion  factors  so  that  the 
results  will  appear  in  the  desired  units. 


Mathematical  Derivations: 


Slant  Range  (Rs)  and  Ground  Range  (Kg) : 

Slant  range  is  defined  as  the  distance  from  a  given  position  of  the 
missile  to  the  origin.  Ground  range  is  the  projection  of  the  slant  range 
onto  the  XY  plane. 

Let  X,  Y,  2  be  the  position  coordinates  of  the  missile.  Then 
Rs  *=  (X2  ♦  Y2  ♦  Z2)* 

Rg  -  (X2  ♦  Y2)* 
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Height  above  Mean  Sea  Level  (H) :  (See  Figure  1) 

H  *  Height  above  Mean  Sea  Level  (MSL) 

HQ  *  Height  of  origin  above  MSL 
Rq  »  Radius  of  the  earth 

Rj)  ■  Distance  from  the  center  of  the  earth  to  the  missile 

To  find  the  height  of  the  missile  above  >SL  it  is  necessary  first 
to  compute  the  distance  from  the  center  of  the  earth  to  the  missile,  and 
from  this,  to  subtract  the  radius  of  the  earth. 

%  »  [X*  ♦  Y*  ♦  (Ro  ♦  H0  ♦  Z)2]* 

H  -  Rfl  -  R0 


True  Air  Speed  (TAS) : 

Vx,  Vy,  Vj  ■  Velocity  components  of  missile  at  desired  altitude 
Wx,  hy,  m  Velocity  components  of  wind  at  desired  altitude 
Vw  »  Kind  speed  at  desired  altitude 
6  -  Direction  from  which  wind  is  coming  at  desired  altitude 
[M]  •  Rotational  matrix  (defined  in  Rotation  and  Translation  Section). 

True  air  speed  is  defined  as  th6  ground  speed  of  the  missile  corrected 
for  wind  velocity.  The  components  of  the  wind  velocity  are  obtained  using 
the  wind  speed  and  wind  direction  from  the  air  weather  data  at  the  desired 
altitude  and  the  rotational  matrix  [M] .  Since  the  wind  speed  from  air 
weather  data  is  given  in  knots,  it  must  be  converted  to  the  (position  urits/ 
sec)  system  used  for  the  missile  velocity  before  computation. 


_  " 

wx 

Vw  cos  6 

«s 

-  [M] 

vw  sin  e 

0 

— 

mm 

TAS  <*  [(Vx  -  Wx)2  ♦  (Vy  -  Wy)*  ♦  (Vj  -  Ws)2]^ 
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Tangential  Acceleration  (Aj) : _ 

Ax,  Ay,  Az  =  Acceleration  components  of  missile  at  desired  altitude 

Tangential  acceleration  is  the  missile  acceleration  corrected  for 
wind  velocity  and  true  air  speed. 

At  -  — L—  [AX(VX  -  Wx)  +  Ay(Vy  -  Wy)  ♦  AZ(V.  -  Wz)] 

T  AS 

Density  of  Air  (p) : 

P  *  Total  air  pressure  at  desired  altitude  (mb) 

Pq  =  Pressure  of  dry  air  at  desired  altitude  (mb) 

Pq  =  Density  of  dry  air  at  desired  altitude  (gm/m3) 

p*  3  Density  of  water  vapor  at  desired  altitude  (gm/m3) 

Op  -  Partial  pressure  of  water  vapor 

R,  R'  =  gas  constants  for  dry  air  and  water  vapor  respectively 

* 

R*  a  universal  gas  constant 

T,  T'  =  Absolute  temperature  (°K)  of  dry  air  ana  water  vapor  respectively 
m,  m'  =  Molecular  weight  of  dry  air  and  water  vapor  respectively  (gm/mol) 
f  =  Relative  humidity  (percent) 

es  3  Saturation  vapor  pressure  at  the  temperature  of  the  air  in 
question 

Cs  =•  Molar  specific  heat  of  a  substance 

=  internal  molar  specifi<  neat  due  to  rotations  and  vibrations 
X0  3  Latent  heat  of  vaporisation 
i  *  A  chemica.  constant  of  integration 
S  =  Entropy  of  the  substance 
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Dry  air  is  assumed  to  obey  the  perfect  gas  law,  which  states  the 
relationship  between  density,  pressure,  and  temperature.  However,  the 
atmosphere  is  composed  of  a  mixture  of  dry  air  and  water  vapor,  each  of 
which  occupies  the  space  independently.  The  density  of  the  mixture  is 
the  sum  of  the  density  of  the  dry  air  and  the  density  of  the  water  vapor. 

The  ideal  gas  law  gives  the  density  of  dry  air  as 


or  since  PD  *»  P  -  eP, 

P  -  6p 
pD  “  RT 


The  density  of  water  vapor  is  given  by 


p' 


eP 

R.  T. 


Since  the  universal  gas  constant,  R*, 


and 


m  RT' 


mR  -  »'  R' ,  then  R' 


mP. 


The  desirod  total  density,  p  °  pq  ♦  p',  is  given  by 
P  -  e„  m'  ep 

p  s  -  +  - 

RT  m  RT' 


or,  since  in  a  mixture  of  dry  air  and  water  vapor,  T  •  T’, 


•  “RT  [p  +  eP  (v  - 
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In  this  form  of  the  equation  all  quantities  are  either  known  constants 
(R,  m,  and  m')  or  weather  data  observations  (P,  f)»  with  the  exception  of 
the  partial  pressure  of  water  vapor,  ep.  This,  l»wever,  car.  be  Asoivea  from 
the  relat’v©  humidity  observation  (f)  and  the  saturation  vapor  pressure  (es) . 
By  the  definition  of  relative  humidity. 


f  * 


e 


s 


Therefore,  ep  *  f  es 


The  general  equation  for  the  vapor  pressure  of  a  substance,  assuming 
that  the  vapor  obeys  the  ideal  gas  lay,  is  obtained  by  integration  of  the 
Clausius-Clapeyron  equation: 


In  e. 


- In  (T) 


i 

T~ 


V 


<cs  -  q)  dT 


fT 


dT 


♦  l 


A  special  case  of  this  general  equation  is  the  Kirchhoff  formula,  in 
which  the  integration  is  taken  between  temperature  limits  sufficiently  close 
for  the  specific  heats  to  be  regarded  as  constant.  This  gives  the  equation 


In  es  «  A 


C  In  T. 


Subc*ituting  numerical  values  for  the  constants  and  measuring  the  temperature 
in  "K,  the  value  of  es  in  certibars  is  found  from: 


In  e„ 


-  4.9283  In  (T)  ♦  51 


.9274) 


The  total  density  equation  can  then  be  written: 


p  -  -R7- 


1 

FT 


P  ♦  f 


f  -6763.61 

where  (exp)  ■  { - f -  -  4.9283  in  (T)  ♦  51 


($r-  J)»{exp,]^»3 

,9ZW 
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Indicated  Air  Speed  (IAS) : 


Using  the  values  computed  for  true  air  speed  and  total  density  at  the 
altitude  in  question,  indicated  air  speed  is  found  from: 

IAS  -  TAS 

where  p0  is  the  standard  density  of  air  at  sea  level. 

Mach  Number  (M) : 

Vs  *  Velocity  of  sound 
Y  =  Ratio  of  specific  heats 

Cp  “  specific  heat  of  dry  air  at  constant  pressure 

cv  *  specific  heat  of  dry  air  at  constant  voluae 

R*  ■  Universal  gas  constant 
T  ■  Temperature  (°K) 
m  *  molecular  weight  of  dry  air 

Mach  number  is  defined  as  the  ratio  of  the  speed  of  an  object  to  the 
speed  of  sound  in  the  undisturbed  medium  in  which  the  object  is  traveling. 

The  velocity  of  sound  in  dry  air  at  the  observed  temperature  T  is 

given  by: 

Vs  *  J  -  —  ca/sec  *  65.795  /  T  ft/ sec 


Then,  mach  number  is  computed  from 
TAS  TAS 

M  --  -  ■  - 7 =.-  “  .0151987(TAS)  (T)  s 

Vs  65.795  rr 
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Dynamic  Pressure  (q) : 

Dynamic  pressure  is  the  pressure,  created  by  atmospheric  pressure  end 
fluid  friction,  acting  on  the  shell  of  the  missile  in  flight.  Dynamic 
pressure  is  computed  from  Bernoulli's  equation  of  motion  for  an  incompressible 
fluid,  that  is, 

q  »  p  (TAS)2 

Drag  (P) .  Drag  Coefficient  {CrO  t  and  Drag  Acceleration  (At?) : 

F  «  atmospheric  thrust  ■  (Fy  -  f9  P) 

Fy  »  vacuum  thrust 

f9  "  area  of  the  exit  nozzle 

P  ■  pressure 

W  •  instantaneous  mass  »  (W0  ♦  Wp) 

WQ  *  weight  of  the  missile  without  fuel 
Wp  ■  weight  of  the  fuel 

g  *  gravitational  acceleration 

g0  ■  gravitational  acceleration  at  sea  level,  White  Sands  latitude 
6p  «■  pitch  path  angle 

s  •  missile's  geometrical  cross  section  area 

Drag  is  a  function  of  thrust  (F),  instantaneous  mass  of  the  missile 
(W),  and  drag  acceleration  (Aq) .  Drag  acceleration  depends  upon  the 
tangential  acceleration  (At),  the  pitch  path  angle  (dp),  and  the  gravita¬ 
tional  acceleration  (g)  at  the  latitude  ($)  and  altitude  (H), 

The  gravitational  acceleration  observed  on  the  earth  consists  of  the 
actual  attraction  by  the  earth  diminished  by  the  effect  of  th@  centrifugal 
acceleration  caused  by  the  earth's  rotatien.  Since  this  rotation  causes 
points  near  the  equator  to  move  faster  than  those  at  higher  latitudes,  the 
centrifugal  force  decreases  as  latitude  increases.  Consequently,  the  total 
gravitational  acceleration  increases  with  increasing  latitude.  In  addition, 
the  gravitational  force  at  any  altitude  is  inversely  proportional  to  the 
square  of  the  distance  from  the  center  of  the  earth. 


The  gravitational  acceleration  at  latitude  $  and  altitude  H  (in  cs)  can 
be  expressed  by  llelmert's  equation: 

g  =  (980.616  -  2.5928  cos  2*  ♦  .0069  cos2  2 i  -  3.086  x  10‘6  H)  cm/sec2 


The  gravitational  acceleration  at  sea  level  (H»0)  and  White  Sands 
latitude  ($)  can  then  be  computed  as: 

g0  »  (980.616  -  2.S928  cos  2$  ♦  .0069  cos2  2$)  ca/sec2 


Because  of  the  inverse  square  relationship  between  gravitational 
acceleration  and  distance  from  the  center  of  the  earth,  the  following 
ratio  exists: 


JL_  «  _Rv_ 

So  Ret 


Drag  acceleration  may  easily  be  computed  then,  from 
Ao  -  At  +  g  sin  0p 

V?.  -  wz 

or,  since  sin  e„  » - t 

”  i  AS 


D  TAS  |  * 


j“-|\(Vx  -  wx)  ♦  AytVy  -  Wy)  ♦  A£(V2  -  w2)  *  g(Vt  -  W x) 


Drag  force  (D)  is  computed  irom: 

D  «  C3  F  •  W  A[, 

whore  Cj  is  a  multiplier  used  to  correct  vacuum  thrust  for  loss  of  thrust 
due  to  jet  vanes, 

and  F  «■  Fv  -  fe  P 

W  -  WQ  ♦  wF 
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Finally,  the  drag  coefficient  (Cq)  ,  a  nondimens ional  quantity,  is 
computed  from: 


Height  above  MSL  as  a  function  of  Pressure  (Up) 

a  *  lapse  rate  »  rate  of  change  of  temperature  with  altitude 
H  «  height  above  MSL  or  geopotential  height 
Z  *  altitude 

G  *  dimensional  constant 
g  ■  gravitational  acceleration 
T0  «  Standard  temperature  at  sea  level 
PQ  Standard  pressure  at  sea  level 

T*  *  Temperature  defining’  the  Tropopause  and  constant  temperature 
of  the  stratosphere 

P*  ■  Pressure  at  tropopause 

H*  ■  Height  of  tropopause 


The  earth's  atmosphere  consists  of  the  troposphere,  tropopause  and 
stratosphere.  The  troposphere  is  that  part  of  the  atmosphere  in  which 
temperaturo  generally  decreases  with  altitude,  clouds  fora,  and  convection 
occurs.  It  occupies  the  space  above  the  earth's  surface  up  to  the  tropopause. 

The  tropopause  is  defined  as  the  discontinuity  surface  separating  the 
stratosphere  from  the  troposphere.  It  varies  in  height  from  about  55,000 
feet  at  the  equator  to  25,000  feet  at  tht.  poles. 

The  stratosphere  is  that  portion  of  the  earth's  atmosphere  above  the 
tropopause.  Thi3  air  is  free  from  all  weather  phenomena,  practically 
without  moisture,  and  in  general,  an  isothermal  structure. 

The  method  of  computing  height  above  MSL  as  a  function  of  pressure 
differs  for  the  troposphere  and  stratosphere. 


(A)  In  the  Troposphere 


The  relationship  between  height  and  pressure  in  the  troposphere  is 
dependent  upon  three  fundamental  relationships:  the  ideal  gas  law,  the 
lapse  rate  or  change  of  temperature  with  altitude,  and  the  hydrostatic 
equation  relating  pressure,  density,  gravitational  force  and  altitude. 

Because  of  the  changing  gravitational  force  with  altitude,  the  hydro¬ 
static  equation  can  be  stated  in  terras  of  geopotential  height  rather  than 
simply  geometric  height.  Geopotential  height  is  the  height  of  a  given 
point  in  the  atmosphere  in  units  proportional  to  the  potential  energy  of 
unit  mass  at  this  height,  relative  to  sea  level.  This  relationship 
between  geopotential  and  geometric  height  is  given  by  G  dH  *  g  dZ. 

From  this,  the  hydrostatic  equation 

dP  *  -  p  g  dZ 
! 

can  be  written 

dP  -  -  p  G  dH.  (1) 


The  lapse  rate,  or  change  of  temperature  with  change  of  height  in  the 

dT 

troposphere,  is  defined  as  a  = .  The  temperature  at  the  height  h 
is  given  by  T  -  T0  -  all. 

p 

Finally,  the  ideal  gas  law,  p  =  —&f-  ,  can  be  written  as 

P  *  pRT  *  pR(T0  -  aH).  (2) 


From  equations  (1)  and  (2)  we  can  form  the  ratio 

dP  _  -pG  dH  _  -G  (dll) 

P  "  pR  (T0  -  all)  “  R  (T0  -  aH) 


or,  since  dll  -  -  , 

s 

d?  G  (dT)  G  d  (T0  -  all) 

P  3  aR  (T0  -  all)  aR  (T0  -  aH) 


(3) 
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Equation  (3)  integrated  between  the  limits  of  0  and  H  becomes 


fH  dP  [H  G  d  (To  -  aH) 

P  "  aR  (T0  -  aH) 

>0  *  0 

ln  (jr)  ■  "s-  in 

r 

If  — g—  is  set  equal  to  n,  equation  (4)  yields 


(«) 


(5) 


(5) 


Height  as  a  function  of  pressure,  Hp,  is  found  Oy  solving  equation 
for  H  ■  Hp. 


“i 


(B)  In  the  Stratosphere 

The  tropopause  is  by  definition  at  the  height  H*  such  that  the 
temperature  T*  «  (T0  -  aH)  is  a  constant,  216.66*K.  The  temperature  ip. 

the  stratosphere  is  assumed  to  remain  constant  at  T»T*. 

Thus,  in  the  stratosphere,  equation  {3)  becomes 


(7) 


Integrating  this  between  the  limits  H*  and  H  yields 


G 

RT* 


(H  •  H*) 


(8) 


Using  common  logarithms,  equation  (8)  becomes 
f, ’p*\  f  G  \ 

loeio  Krj -Kp-  l°s™‘)  • 


(9) 
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Letting 


£  ioglO  tt 

RT* 


B, 


log10 


£-) 


*  B  (H  -  H*) 


(»0) 


The  known  value  of  H*  can  be  substituted  in  equation  (5)  to  find  the 
pressure  at  the  tropopause: 


P*  /l0  -  aH^n 

■  H  t - j 

V  T°  J 


or 


log 


10 


n  log 


„  ^-)  ■  ■  ■»„  © 


Equations  (10)  and  (11)  can  be  combined  and  solved  for  H  «  Hp. 

,08io  ©  -  !°810  ©  ■  "  *•«..  ©  -  BCH  -  B,) 


logio  (©  ■  n  log10 


e 


T*  \ 


J 


BH  ♦  BH* 


(ID 


«  ’  H#  *  f*  Io*10 


©'Trl0‘!»© 


from 


Thus,  in  the  stratosphere,  height  as  a  function  of  pressure  is  found 


Hp  -  H*  *  B 


B  [°  los10  (tq)  -  iOgi0  (pQ)J 
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Differentiation  of  the  ideal  gas  law,  p  •  -gj-  ,  yields 


In  the  previous  section  (height  as  a  function  of  pressure  in  the 
troposphere)  equation  (3)  gave  the  expression  for 

dP  G  dT 

P  m  aR  T 

Substituting  this,  wo  find 

dp  e  G  dT  _  dT 

p  aR  T  "  T 


Since  in  the  troposphere  T  *  T0  -  aH 


Integrating  over  the  limits  0  to  H 
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Solving  for  H  *  yields: 


Hp  -  — 


N/n-1) 


-1 


(B)  in  the  Stratosphere _ 

Since  the  stratosphere  is  assumed  to  have  &  constant  ttaperaturo 
7*,  the  ideal  gas  law  becoass 


P  - 

The  standard  density  of  air  at  sea  leval  (zero  altitude),  p0,  may 
be  expressed  as 


p°  *  ~ RTJJ" 


Taking  the  common  logarithm  of  the  ratic  — yields  the 
relationship:  a° 


P 

Po 


v 


i°h«  io*io 


(j5)  *  1Og10  (£) 


By  substituting  in  this  cqua  *on  the  expression  found  previously 

/P\  r  a*\  i 

(Hp  in  the  stratosphere)  for  logjg  n  log.Q  ry" ;  -  B(H 


we  find: 


log 


10 


log 


10 


(£)  ■  ©  * " 
&  ■  <-»  log>°  © 


Io*io  ©  '  BtH  *  H,) 


B(H  -  H*} 
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The  terra 


(n-1)  log 


10 


©1 


is  a  constant,  equal  to 


“*10  lirl  -  -0.527139. 


Substituting  this  and  solving  for  H  =  Hp  yields  the  final  equation 
for  height  as  a  function  of  density  in  the  stratosphere: 


!ogl°  ©  ‘ 10510  0 


3- 


EH  «•  BH* 


H 


P 


B  lo8i0 
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TABLE  OF  CONSTANTS 


Radius  of  the  earth  Ry  20,897,038.00  ft 

Dry  air  nas  constant  R  2.8704  x  106  cra2/sec2(°K) 

Molecular  weight  of  dry  air  m  28.966  gm/mol 

Molecular  weight  of  water  vapor  m*  18.016  gm/mol 

Ratio  of  specific  heats  Y  1.40112  (dimensionless) 

Gravitational  acceleration  at  sea  g0  32. lid  ft/'sec2  »  979.569  cm/sec2 

level.  White  Sands  latitude 

Lapse  rate  a  .0065  eC/m 

Dimensional  constant  G  32.1/405  ft/secc 

Standard  temperature  at  sea  level  T0  288.16°K 

Standard  pressure  at  sea  level  P0  1013.25  ab 

Standard  density  at  sea  ievel  p0  1225. 0C  gW*3 

Temperature  at  Tropopp ise  T*  216.66*K 

Pressure  at  Tropopause  P*  226,32  mb 

Density  at  Tropopause  0*  363.92  gra/ei 3 

Height  of  Tropopause  at  White  H*  11,000  m  «■  36,089.227  ft 

Sands  latitude 

G 

Constant  »  -  n  5,2561  (dimensionless) 

aR 

G  login  e 

Constant  - - ~ -  B  0.2087367  x  10  “/ft 

RT* 
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Computational  Steps: 

From  position  data  at  the  j**1  time  (Xj, 
Ground  range  Rgj  ■  (X^  *  Yj)^ 

Slant  range  Rs^  »  (X^  ♦  Yj  ♦  Z?)^  1 

Height  above  f£3L 


4L 


H 


J 


pos.  units  (1) 

pos.  units  (2) 

pot.  units  (3) 


pot.  units  (4) 


where  Cj  is  a  multiplier  to  convert  position  data  to  feet. 


Interpolate  the  ltmospheric  data  (Temperature.  pressure,  relative 
humidity,  wind  velocity  and  wind  direction) to  Hj, 

Interpolate  telemetry  data  (vacuum  thrust  and  weight  of  fuel)  to 
the  timo  of  the  position  data. 


The  linear  interpolation  program  used  is  as  described  in  the 
"Mr'theraatical  Miscellaneous  Section"  of  this  report. 


Gravitational  acceleration 


"  32,138  Gl  Rdj)  feet/5®c2 


(5) 


Density 


Pj  *  348,38 


’-£l 


•0.0378  o(e*Pp  1 
Tj  ♦  273.16  J 


grams/s9 


f  >6763.61  .  \ 

whare  (exPj,  *  ;  273|16  -  4.8283  InCTj  ♦  273.16)  ♦  51.8274) 


(6) 
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Wind  Velocity  components 


*■ 

-1.6889639  .. 

WS) 

c,  vi  cos  9i 

% 

«  [M] 

-1.6889639  „  .  „ 

c,  vi  sln  ei 

pos,  units/sec.  (7) 

1 - 

=e 

i 

0 

_ 

where  -1.6889639  is  the  conversion  factor  from  knots  to  feet  per  second. 
True  Air  speed 


TAS . 


(VXj  -  wXj)2  +  (vYj  '  wYj)2  +  &Z)  -  WZj)2  pos.  units/sec.  (8) 


♦ 


pos.  I 


Indicated  Air  speed 
IASj  -  (TAS) 


'  (  PJ 
J  \1225.00/ 


pos.  units/sec.  (9) 


Mach  Number 

Mj  «  (0.0151987)  (Cx)  (TAS) j  [Tj  ♦  273.16]  dimensionless  (10) 


Dynamic  Pressure 

«  (9.701661)  [Cj  (TAS) j]2  (Pj)  10'7  lbs/ft2 
Tangential  Acceleration 

Axj(VXj  •  WXj)  ♦  Ay j (Vyj  -  Wyj)  ♦  AZj(VZj  -  WZj) 

At  .  ® - - - 

'  (TAS) j 


(ID 


(12) 


pos.  units/sec2  or  G's 


333 


Orag  Acceleration 


ADj  -  A^ 


♦  C4  lvZj  -  Wgj) 
(TAS)j 


po3  units/sec2  or  G's 


(13) 


i£  Ajj  is  in  G's,  *  1.0 


If  Axj  is  in  (units/sec2),  C4 


Atmospheric  thrust 


Fj  *  0,  if  no  telemetry  data  available 


(14a) 


Drag 


Fj  n  C3  Fv  -  (2.088S76)  fe  Pj 


(lbs)  (14b) 


where  C3  is  a  multiplier  to  correct  vacuum  thrust  for  loss  of 
thrust  due  to  jet  vanes,  and  2.088576  is  a  conversion  factor  from 
millibars  to  lbs/ft2. 


(WQ  f  WFj) 


(ibs)  (iSj 


If  Ajj  is  in  G's,  C5  » 


32.174 


If  Ajj  is  in  (units/sec2),  C5 


32,174 

-rr 


Drag  coefficient 


dimensionless  (16) 
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Height  above  MSL  as  a  function  of  Pressure 
In  Troposphere: 

f—  _ 

1/n 


Hp  ,  »  ™ 
■  1  a 


L* '  © 


or 


Hpj  «  145,446,67 


1  _  e0. 190255132  In 


In  Stratosphere 


"»i  ■  "*  ‘  T  [»  o  ©]  -  -f  Io*io  (j 


or 


HPj  »  4,901.8987  -  20,805.8517  In 

Height  above  MSL  as  a  function  of  Density 
In  Troposphere: 

/pAl/(n-I)‘ 


Hpj  "  ~~ 


or 


H pj  -  145,446.67 


i  -  e 


0.234956885  In 


P<\1 


J>0. 


In  Stratosphere: 


1 


})D,  M*  ♦  i0gi()  01^ 


or 


B  V^p 


© 


pos.  units  (17a) 


9 


pos.  units  (17b) 


pos,  units  (18a) 


Hpj  *  10,834.9254  -  20,805.3517  In 


pos.  units  (18b) 


derivative  data  and  WEATHER  REFERENCES 

-  VO*: 

Ohio, 

°'°rSe  L-  “““•  *«  **>  «■  «l.y  ,  Sons,  Inc, ,  1940 
Howell,  Weldon  R.  AIR  WPAtmfc  ffnn*- > 

Division,  «WtTsS5^n^TrRilge°“|opJ?8i9orCh-  B*ti  Red“cti<’“ 
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G.  MISCELLANEOUS 
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G.  MISCELLANEOUS 

I  Data  Editing  Routina 
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DATA  CDITIHr.  ROUTINE 


Introduction 


The  purpose  of  this  routine  is  to  find  and  eliminate  gross  errors  (blunders) 
from  a  set  of  equally-spaced  data  points  and,  where  sufficient  "good"  points 
are  available  about  a  rejected  point,  tc  compute  a  ’'replacement'1  point  for  that 
data  sample. 

The  test  is  based  on  the  assumption  that  there  is  no  significant  change 
in  the  variance  of  the  data  over  a  group  of  N  consecutive  points  {Tj,  X^) . 

Two  sets  of  fourth  differences  squared  are  computed,  Aq  using  consecutive 
points  and  AEj  using  every  other  point.  The  variance  of  each  sec  is  computed 
and  the  individual  differences  tasted  for  significant  variations,  using  the 
Snedecor  F-test.  Differences  which  are  greater  than  the- acceptable  limit  are 
set  equal  to  zero.  The  data  points  themselves  are  then  accepted  as  "good"  or 
rejected  as  "bad"  depending  upon  the  number  and  positions  of  zeros  in  the 
difference  sets.  A  rejected  point  is  replaced  by  solving  for  the  midpoint  ox 
a  2nd  degree  curve  fitted  to  the  data  about  the  rejected  point. 

Theory 

The  sets  of  fourth  differences  squared  are  computod  from  the  f.cl lowing: 

Aq  -  (Xi  -  4Xi_i  ♦  6X^2  -  4Xi_3  ♦  Xj.4)2 
AEi  -  (X^-^X^  ♦  6X^4  -  4X^6  *  «j-s)2 


If  the  data  includes  a  blunder  error  (E)  at  point  i,  it  will  appear  as 
(NOISE  ♦  E)2  in  the  AC’s  at  i  and  i+4,  as  approximately  16E2  at  i+1  and  i*3, 
and  as  approximately  36E2  at  i*2.  In  the  aE's  the  error  will  appear  as 
(NOISE  ♦  E)2  at  i  and  i+8,  as  approximately  16E2  at  i+2  and  i+6,  and  as 
approximately  36E2  at  i«-4.  Therefore  if  the  AC's  at  points  i+1,  i*2,  and 
i«-3  and  the  AE's  at  i+2,  i*4  and  i*6  ar^  all  greater  than  the  critical  level 
determined  from  the  variance  of  the  differences  and  the  tables  of  Snedecor 
F-test  values,  it  is  probable  that  the  data  ,  „*.it  X*  contains  a  gross  error. 

The  varianqe  of  the  AC's  (<j£)  and  the  variance  of  the  AE's  (o|)  are 
computed  from: 

< 

N  N 

I  iCi  I  AEi 

a*  *  x°5 _  and  og  »  i«9 

C  N-4  N-i" 


where  (N-4)  and  (N-8)  are  the  respective  degrees  of  freedom. 
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A,  Testing  AC's  and  AE's 

■W— I  &  MWUMMBP  JWkJtM— U*WKK— — 1 


The  individual  AC's  to  be  rejected  are  found  using  the  Snedecor  F-test. 
The  value  cf  F  is  selected  whose  degrees  of  freedom  for  the  numerator  equals 
one,  and  whose  degrees  of  freedom  for  the  denominator  equals  (N-4) ,  the  mvnber 

cf  AC\<,  Then  any  ACi  i  Oj£  (Fx^op)  should  be  rejected.  F  is  computed  using  a 

95%  confidence  level. 

'  f  one  or  more  AC’s  are  rejected  they  are  replaced  with  zeroes,  and  the 
degrees  o£  freedom  decreased  by  one  for  each  aC  rejected.  Then  a  new  variance, 
2 

oq, computed,  a  new  value  of  F  selected,  and  the  test  repeated  until  no 
additional  AC’s  are  rejected, 

Tim  -iE's  are  tested  and  rejected  in  a  similar  manner. 

If  the  variance  of  the  data  (without  the  blunder  error  points)  is  desired 
it  is  easily  computed  fro*  the  variate  difference  procedure  since 

02  „  ECAj)2  ,  (KQ*  32 

°X  "  (2K) !  ’  (N-K)  f 2K) !  ~ 

where  K  is  the  order  of  difference  taken. 

Using  fourth  differences  this  becomes 

„  (4!)2  ,  aC 

Oy  ■  - ^ -  Op.  *  - ” 

X  (2x4)!  c  70 


B.  Testing  *-«  Data  Points  Xi 

w  .  _»  a  waawwi  xw— w— i iawww — aw 

In  testing  the  data  points  from  i«l  to  N  it  is  necessary  to  assume  that  the 
AC's  exist  and  have  not  been  rejected  for  i»l  thru  i»4  and  i»N+l  thru  i^N+4,  and 
also  that  the  AE’s  exist  and  have  not  been  rejected  for  the  points  i*3  thru  i»8 
and  i«N+l  thru  i«N+6.  This  forces  the  test  to  accept  the  first  three  and  the  las- 
three  points  as  being  good  data  points. 

If  an  error  exists  at  point  i  we  could  expect  the  AC’s  at  points  i,  i+l,  i+2, 
i+3,  and  i+4  to  be  rejected,  and  also  the  Ae's  at  i,  i+2,  i+4,  i+6,  and  i+8  to  be 
rejected.  If  the  error  is  small  the  AC's  at  i  and  i+4  and  the  AE's  at  i  and  i+8 
may  not  be  rejected. 

Therefore  if  all  6  values  (AC**!,  ACj+2»  fiCi+3»  AEj+2,  AEi+4,  AE^)  have 
boor,  rejected,  there  is  probably  an  error  at  point  i.  If  none  of  these,  or  only 
some,  have  been  rejected,  then  the  point  Xi  is  accepted  as  a  good  data  point. 

Since  two  consecutive  errors  at  points  i-2  and  i-2  or  at  points  i+1  and  i+2 
could  alee  cause  these  six  A's  to  be  rejected,  it  is  necessary  to  tost  further. 
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If  the  point  i+1  or  i-1  were  in  error  both  and  AEi*5  would  be 

rejected.  But  if  either  of  these  has  ndt  been  rejected,  we  assuae  that  the 
error  detected  is  at  data  point  i.  ! 

If  both  dE's  have  been  rejected,  we  test  ACj[  and  ACj[>4.  If  these  have 
both  been  rejectsd,  data  pcint  i  is  assuned  to  be  in  error.  If  either  or  both 
has  been  accepted  then  data  point  i  is  accepted  as  a  good  point,  and  we  go  on 
to  testing  for  errors  at  point  i*l. 

This  logic  is  more  clearly  explained  by  the  following  diagraa: 


TESTING  POINT  i 


343 


The  above  tests  will  work  in  east  cases.  However,  as  will  happen  in  .v 
editing  procedure,  situations  can  arise  where  good  points  will  be  indicat<'  i  nr. 
being  in  error  and  points  with  errors  only  slightly  larger  than  the  noise  ray 
go  undetected.  The  test  will  also  work  through  points  of  discontinuity  since 
the  event  itself  will  usually  produce  only  one  or  two  Afs  that  will  be  rejected. 
To  avoid  deleting  good  points  a  further  check  is  made.  From  the  surrounding 
data  a  replacement  point,  Xs^,  is  computed.  If  (XS£  -  Xi)2  <  (Fi(pp)oj>  then  X; 

will  be  retained.  F  is  computed  using  a  9!;%  confidence  level. 


C.  Replacement  of  Bad  Points 

The  point  in  error  is  replaced  by  solving  for  the  midpoint  of  a  2nd  degree 
curve  fitted  to  the  data  about  the  point  in  err.  t  A  maximum  of  3  points  before 
and  3  points  after  the  point  to  be  repliced  are  used  in  a  weighted  least  squares 
procedure . 

The  data  points  are  assigned  weights.  If  the  data  point  at  i  is  accepted  as 
good  the  weight  is  set  equal  to  one.  If  the  data  point  at  i  is  in  error  the 
weight  is  set  equal  to  zero.  Any  data  point  whose  weight  is  equal  to  zero  is 
replaced  if  there  aio  sufficient  data  before  and  after  the  point. 

Let.  the  data  point  to  be  replaced  be  at  point  i.  Then  there  are  sufficient 
data  to  replace  the  point  if 

t*i>3  t*i-l  t«i*3 

l  Wt  >  3  and  £  Wt  >  1  and  £  h't  J  1 
t»i-3  t»i-3  .  t*i*T 

The  replacement  point  Xs^  is  computed  from  the  following  equations.  All 
summations  are  from  t«i-3  to  t»i+3, 

1  A(S1)  -  B(S2)  ♦  C(S3) 


where 


and 


A  *  (S3) (S5)  -  (S4)(S4) 
B  •  (S2)(S5)  -  (33) (S4) 
C  (62)  (S4)  -  (S3)  (S3) 

51  «  £Wt 

52  *  £Wt  (t-i) 

53  =  £Wt  (t-i) 2 

54  «=  £Wt  (t-i)3 

55  =  £Wt  (t-i)** 
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56  £Xt  Wt 

57  «  ZXt  Wt  (t-i) 

58  *  £Xt  Wt  (t-i)2 


Procedure 

In  this  application  there  aro  usually  M  consecutive  sets  of  N  data  points. 
Although  the  editing  routine  assumes  automatically  that  the  3  point*  at  the 
beginning  and  end  of  each  set  are  good  data  points,  by  overlapping  the  testing 
of  adjoining  sets  the  number  of  data  points  accepted  without  testing  is  minimized. 

In  editing  the  first  set  we  use  the  first  (N+9)  points  and  cosqmte  AC's  and 
AE'3  thru  i«»N-*-9.  This  allows  us  to  compute  the  Wt's  thru  i«N+3  and  replace  if 
necessary  data  points  thru.  i“N. 

To  edit  each  succeeding  set  we  must  have  available  fro®  the  previous  set 
the  last  12  data  points  from  i«h'-2  to  i«»N+9,  the  last  G  Wi  froa  i«N-2  to  i«N+3, 
and  tha  last  9  AC's  and  AE's  from  i*>N+l  to  i«N+9. 

lt  Lot  N*50 

2^  Compute  AC's  and  AE's. 

Aq  •  (Xt  -  4Xi_i  <■  6X^2  -  4X^3  ♦  X^)2,  i-5  to  N*9 

AEj  -  (Xi  -  4X^2  +  6Xi_4  -  4X^6  ♦  X^g)2,  i-S  to  N*9 

Set  AC^AEe,  AE7,  and  AEg  -  .0000001 

3.  If  any  computed  A«0,  set  A**. 0000001 

4.  Compute  degrees  of  freedom: 

D Pq  **  (N+9)-4  *  N+5 

DFE  -  (N+9) -8  -  N+l 

5.  Compute  variances 

Nf-9 

2  l  ACi 

H  »  i  r 

C  la5 _ 

DFC 


N+9 
7  AEj 

4*  2 

i»9 

dfe 
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0.  Cospute  value  of  F  for  F  test  (95%) 


FC 


3.799  ♦ 


11.73 

DFC 


Fe  «*  3.799  ♦ 


11.73 

DFE 


7.  Compute  critical  values 
CVC  -  °C  (Fc) 

CVE  -  4  (fe) 


8,  TEST:  If  ACj  J;  CV^.,  set  ACj  ■  0,  i*5  to  N*9. 

If  AE^  i  CVE#  set  AEj  »  0,  i«9  to  N^9. 

9.  If  any  AC's  were  set  equal  to  zero  in  test  (D ,  decrease 

freedoa  by  the  nusber  of  A's  set  equal  to  zero,  recoapute  a£,  Fc, 
test  ® . 

If  any  AE's  were  set  equal ’to  zero  in  test  (g),  decrease 
freedoa  by  the  nuaber  of  A's  set  equal  to  zero,  recoapute  Og,  Fg, 

test  (D , 


Repeat  step  (§)  until  no  store  A's  are  set  equal  to  zero. 
10.  Compute  variance  of  data  and  its  critical  value 

36,  A 


2 

°X 


jL 

70 


CVv 


qq  / 

IT  ^*40  * 


DFc  J 


11.  Test  data  points  Xj,  i*4  to  N+3  (see  diagram) 
Sl&f  l(i)  «  ACi+i  ♦  ACi+2  +  ACi*3  +  AE^+2  * 

If  S184  1(1)  $  0,  set  »  1  and  go  to  (i+1) 

If  SUM  1(1)  «  0,  coapute: 

SUM  2(i)  »  AEj^j  *  AE^+5 


the  degrees  of 
CV^,  and  repeat 

the  degrees  of 
CVg,  and  repeat 


546 


i 


If  SUM  2(i)  A  0,  set  »  0  and  go  to  (i>i) 

If  SUM  2 (i)  «  0,  coapute: 

SUM  3(i)  -  aq  ♦  AC i+4 

If  SUM  3(i)  +  0,  set  W*  -  1 
J.f  SUM  3(i)  -  0,  set  Hi  -  0 

On  first  set  of  N  points  set  q  ■  1  for  i»l,  2*  3, 
Go  to  (i+1). 

12.  Replace  bad  points  X^,  i*4  to  N 
If  Yii  ■  1,  Xi  ■  X* 

If  Wi  ■  0,  compute  new  X^  as  follows: 

S1A  -  (W._3  ♦  Wi-2  ♦  W 
SIB  -  (Wi+1  ♦  W U2*  Wi+3) 

TEST:  Is  (S1A  i  1)  and  (SIB  *  1)  and.(SlA  ♦  SIB  j  3)f 
If  NO,  then  X^  can  not  be  replaced. 

If  YES.  let  SI  «  (S1A  ♦  SIB)  and  continue: 
t*i+3 

52  -  l  Wt 

t*i-3 

t»i+3 

53  -  )  Wt 

t"i-3 

t«i*3 

54  *  I  Wt 

t"l-3 

t»i+3 

55  »  I  Wt 

fi-3 


(t-i) 


(t-i)‘ 


(t-i)3 


(t-i)' 
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t*i+3 

S6  -  l  Xt  Wt 
t-i-3 


t«*i+3 

S7  *  l  Xt  Kt  (t-*> 
t*»i-3  • 


t*i+3 

S3  -  I  Xt  Wt  (t~i)2 

t*i-3 


A  •*  (S3)  (S5)  -  (S4)  (S4) 
B  -  (S2)  (S5)  -  (S3)  (S4) 
C  •  (S2) (S4)  -  (S3) (S3) 


Than  X^ 


A(S6)  -  B(S7)  ♦  C(S8) 
A(S1)  -  B(S2)  ♦  C(S3) 


If  (Xsi  -  X^)2  i  CVXj  Replace  Xji  with  X8i. 


13.  To  edit  each  succeeding  set  we  Bust  have  available  from  the  previous 

set: 

the  last  12  X^'s  froa  i*N-2  to  i®N+2 

the  last  6  h'i's  froa  i«=N-2  te  i«N+3 

the  last  9  AC’s  and  AE's  froa  i®N*l  to  i*N*9 


14.  If  the  last  set  of  points  does  not  have  50  points t  enough  points  fro« 
the  (M-l)th  set  are  included  to  Bake  the  proper  masher. 
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APPENDIX  I,  F-test  for  Data  Editing 


F*tests  for  the  data  editing  routine  are  approximate  F's  found  by  linear 
interpolation  for  values  of  F  in  the  interval  of  10  to  40  degrees  of  freedom 
for  both  a  95%  confidence  level  and  e.  99%  confidence  level. 


For  95%: 

Fi0  -  4.96 


40 


4.08 


DF 


4.96  <  (4 . 08  -  4.90) 


.  4.96  .  Ll. 

(-4- \  V0F 

l  40  j 


■-  4,96  ♦ 


35.20 

3 


1 

DF 


(  1 

>  ) 

V  DF 

10 1 

(  1  - 

1  \ 

\  40 

10J 

_ iA 

10  / 

«  4,96  ♦ 


11,73 

DF 


1 . 17 


*  3.79  ♦ 


11.73 

DF 


For  99%: 

F10  •  10.04 
F40  -  7.31 


=  6.40  *■ 


36.4 

DF 
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MISCELLANEOUS 


II  Interpolation 


3S1 
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INTERPOLATION 


A  general  purpose  interpolation  program  is  available  for  linear 
interpolation  of  any  data  in  DRD  standard  format.  The  program  does  not 
extrapolate  and,  if  any  breaks  in  the  input  times  occur,  will  not  inter¬ 
polate  in  these  breaks.  (The  time  interval  which  defines  a  break  in  the 
input  times  is  specified  by  the  user  in  the  load  card  information) .  The 
first  output  time  specified  must  be  equal  to  or  greater  than  the  start 
time  of  the  input,  and  the  output  rate  of  time,  a  constant  Att  must  be 
specified.  This  output  rate  may  be  equal  to,  greater  or  less  than  the 
input  data  rate. 
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MISCELLANEOUS 

III  Variate-Differences 


355 


Preceding  page 


VARIATE  DIFFERENCES 


Introduction 


The  variate  difference  technique  is  a  method  of  estimating  the 
variance  of  the  random  element  in  a  time-series  by  use  of  successive 
differences.  It  assumes  that  the  non-random  component  of  the  series 
can  be  represented  by  a  polynomial.  Then  the  successive  differencing 
of  the  series  will  gradually  eliminate  this  polynomial  content,  but 
will  not  eliminate  the  random  component.  After  the  polynomial  component 
becomes  negligible,  the  variance  of  the  random  element  remaining  is 
estimated  from  the  differenced  data. 


Mathematical  Discussion 


Let  the  time-series  X(t)  whose  variance  is  to  be  estimated  consist 
of  N  values  of  {tj,  Xj.},  i=l,  2,  •••  ,  N.  If  it  is  assumed  that  X(t) 
can  be  approximated  by  a  jth  degree  polynomial 

Y(t)  *  aQ  +  a^t  ♦  a2  t?  ♦  ♦  aj  tJ 

then  the  variance  of  the  data  (o£)  can  be  estimated  from  the  variance 
of  the  residuals  (o*l ,  where 

At  •  [X(t)  -  Y(t)J.  • 

If  Y(t)  is  a  (j-l)th  degree  polynomial  passing  through  the  j  points 
Xt-1»  *t~2>  •••»  Xt-J »  it  may  be  expressed  as 

Yt+i  ■  ao  +  ali  ♦  a2i2  4 

This  polynomial,  evaluated  at  point  Xt,  becomes  simply  Y$  ■  »o. 

It  can  be  shown  that  the  difference 
At  *  Xt  -  Yt 

is  given  by  the  variate  diffeience  at  point  t. 

The  variance  of  .these  residuals  can  be  found  from 
,  N-j 

°l  'TPyrr  J,  ' 4)2 

J  1*1 

where  A  is  the  average  of  the  residuals. 
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If  the  (j-l)th  polynomial  is  the  b.f't-fitting  curve  for  the  given 

data,  T  will  approach  zero  and  the  de^-as  of  freedom  (N-j-1)  will  be 
increased  by  one. 


Then: 


1  N*j 

4 '  ih  4 


Since  the  A's  are  functions  of  the  X‘s,  t ns  relationship  between 
and  o|  can  be  expressed  as 


For  the  jt^1  order  of  differences 


Hence,  the  variance  of  the  data,  o|,  is  found  from 

,  /(?  iyA 
ad  ■  r.\  f— vV'  y  j— i 

1  £  V- «V 


or 


°*  '  T?TJT 


I  CAi ) 

i-l 

- f TT“ 


:s8 


Computer  Program _ 

The  computer  program  will  accept  a  maximum  of  S00  data  points  in  one 
interval.  Up  to  } Oth  varicte  differences  may  be  computed  for  a  maximum  or 
10  data  fields  in  any  run. 


Table  1  gives  the  values  of 


for  j«l 


thru  10. 


t 


T.'jSLE  1 


3 


1 

2 

3 

4 

S' 


1/2 

1/6 

1/2G 

1/70 

1/252 


6  1/924 

7  1/3432 

8  1/12,870 

9  1/48,620 

10  1/184,756 


~!umerical  Example 

Assume  that  the  series  {t*,  Xj,}  can  be3t  be  approximated  by  a  2n<* 
degree  polynomial 

Y(t)  «  a0  +  ai  t  >  32  t2. 

The  coefficients  «<>,  aj,  a2  can  he  found  by  fitting  the  curve  to  the 
points  (-1,  X-i) ,  (~2,  X„2)  and  (-3,  X~3),  using  the  equations: 

X-3  -  a0  -  3a]  ♦  9a2 

X-2  "  »o  ”  ^el  +  4a2 

X*i  a0  -  pi  ♦  a 2 
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T.\e  coefficients  are  given  by: 

%  *  3X_i  -  3X_2  -  X_3 
ai  *  (5X„!  -  8X_2  ♦  3X_3)/2 
a2  -  (X.!  -  2X„2  ♦  X_3)/2 

The  polynomial  evaluated  at  the  point  t«0  becomes 
Y(t)  -  3X_X  -  3X_2  ♦  X_3 


By  constructing  a  difference  table  it  is  easily  seen  that  the  third 
differences  (since  Y(t)  is  a  2nt*  degree  curve)  will  be  equal  to 

At  -  (Xt  -  Yt)  -  (Xt  -  3Xt.x  ♦  3Xt.2  -  Xt_3) . 


Data  1st  Differences 

XJL 

x2  x2  -  Xj 

X3  x3  -  x2 

x4  x4  -  x3 

x5  x5  -  x4 

•  • 

•  • 

•  • 

*n  *n  *n-l 


DIFFERENCE  TABLE  (1) 
2nd  Differences 


X3  -  2X2  ♦  Xx 
X4  -  2X3  ♦  .<2 
}'.s  -  2X4  ♦  X3 

Xn  *  **n-l  ♦  ^2 


3rd  Differences 


X4  -  3X3  ♦  3X2  -  XX 
Xj  -  3X4  ♦  5X3  -  X7 
• 

*n  "  3*n-l  *  ^Xn_2  - 


^n-3 
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The  data  X^,  i-1  to  12,  are  as  given  in  the  table  below.  The  sets  of 
1st,  2nd,  3rd,  end  4th  differences  have  been  computed  and  also  entered  in 
the  table. 


■ 

Xi 

1st  A's 

2nd  A's 

3rd  A's 

4th  A's 

1 

■ 1 

— 

-- 

«■  «■ 

-- 

2 

9 

5 

— 

-- 

— 

3 

■  19 

10 

S 

-- 

n 

28 

9 

-1 

-6 

-- 

5 

42 

14 

r* 

6 

12 

6 

SS 

13 

-1 

-6 

-12 

a 

69 

14 

1 

2 

>8 

8 

88 

.  19 

* 

5 

4 

2 

9 

106 

18 

-1 

-6 

-10 

10 

130 

24 

6 

7 

13 

11 

1SS 

25 

1 

-5 

-12 

12 

179 

24 

-1 

-2 

3 

-  -  -  -  .  -  _ 

For  each  set  of  differences,  compute  a  variance  estimate  for  the  A's, 


1  N-^ 

j?  «  -JL-  y  a? 
*  m  iii  1 


and  a  variance  estimate  for  the  data,  o|  * 


Since  the  variance  estimate  obtained  from  She  set  of  third  differences 
is  the  minimus,  we  conclude  that  the  data  is  best  described  by  a  2nd  degree 
polynomial,  and  that  the  variance  estimate  of  the  random  component  of  the 

data  is  c|  -  1.344. 
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RADAR  CROSS  SECTION 


Introduction. 

The  radar  cross-section  (0)  is  the  area  intercepting  that  amount  of 
power  which,  when  scattered  isotropically,  produces  an  echo  equal  to  that 
observed  from  the  target.  The  cross-section  of  a  target  varies 

with  the  aspect  angle  (except  in  the  case  where  the  target  is  a  sphere) 
and  also  with  the  frequency  (wavelength)  of  the  radar.  Radar  cros3-section 
is,  in  general,  not  a  simple  function  of  geometrical  cross-section,  and 
hence  must  be  determined  empirically  rather  than  by  theoretical  calculations. 


Definitions  of  Symbols 

a  *  Radar  Cross-section 

ot  «  Radar  cross-sectior.  of  target  (missile) 

Otj  «  Radar  cross-section  of  calibration  sphere 
Pj  -  Power  transmitted  by  the  radar 
Pr  ■  Power  received  by  the  radar 
PRt  »  Power  received  from  target  at  Range  R* 

PRs  *  Power  received  from  sphere  at  Range  Rs 
P^s  *  Equivalent  power  received  from  sphere  at  target  Range  Rt 
G  ■  Gain  of  radar  antenna 
A  »  Wavelength  of  radar  transmission 
R  ■  Slant  range  from  radar  to  target 
Ar  ■  Effective  antenna  capture  area 
If  ■  Constant  obtained  from  sphere  calibration 

Mathematical  Discussion 


The  basic  radar  equation  used  in  the  cross-section  reduction  can  be 
derived  in  the  following  way:  Assume  that  the  radar  -mtenna  is  omnidirect¬ 
ional,  that  is,  it  transmits  power  uniformly  in  all  directions.  Then,  the 
power  density  (or  power  per  unit  area)  at  a  distance  R  is  equal  to  thc 
transmitted  power  divided  by  the  surface  area  of  a  sphere  of  radius  R: 

Power  density  at  R  „  . 

(omnidirectional  antenna)  4*R2 
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Since  most  radars  employ  directive  antennas,  the  power  density  at  any 
distance  R  will  vary  from  that  of  an  omnidirectional  antenna  by  a  factor  d, 
called  the  "gain'*  of  the  antenna  in  the  direction  in  question.  Thus: 

Power  density  at  R  a  PT  G 
(directive  antenna)  4„r2 


The  total  power  incident  upon  the  radar  target  at  distance  R  equals 
the  product  of  power  density  and  target  cross-section  area  (e) , 


Power  incident  on  target 


VJuR2/ 


This  incident  power  is  then  re-radiated  in  all  directions.  The 
re-radiated  power  density  at  the  distance  R  (for  example,  re-radiated  power 
density  back  at  the  radar  receiving  antenna)  equals  the  incident  power  at 
the  target  divided  by  the  surface  area  of  a  sphere  of  radius  R, 


Power  density  at  receiving  antenna 


•&r) 


4wR2 


The  signal  strength  received  by  the  vadar  antenna  (Pr)  is  determined 
by  the  power  density  at  the  antenna  and  the  effective  antenna"  capture 
area  (Ar) . 


?R 


SSfer) 


Ar 


Antenna  theory  provides  the  relationship  between  antenna  gain  and 
effective  antenna  area: 


4j!Ar 

X2 


where  \  is  the  wavelength  of  the  radiation 


or 


aR 


6X* 

4* 
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Thus,  the  power  received  by  the  radar  is  given  by 


or 


PT  G2  X2  a 
(4  it)  3  R4~ 


(1) 


This  is  one  of  the  more  common  forms  of  the  "radar  equation".* 
Solving  (1)  for  target  cross-section  (o) ,  we  find: 

(4n)3  R4  PR 


o  « 


Pj  G2  A2 


(2) 


Since  for  any  given  radar  Px,  G,  and  ,1  should  be  constant,  equation 
(2)  may  be  written: 

a  «=  K  R4  PR 


where  K  » 


J&L 


PT  G2  A2 


(3) 


Because  of  the  difficulties  of  measuring  P?.,  G,  and  A,  a  simple 
method  of  determining  K  has  been  developed,  by  comparison  of  the  target 
data  with  data  obtained  by  tracking  a  sphere  of  known  radius  under 
identical  conditions. 

Thus,  using  the  subscript  t  for  target  (missile)  and  s  for  the  calibra¬ 
tion  sphere,  we  have: 

JLL.  •  .L?jLP-M- 

o*  K  *5  pRs 


*The  radar  equation  as  derived  above  and  as  used  in  the  cross-section  reduction 
is  based  upon  the  assumption  of  free-space  transmission  of  electromagnetic 
radiation,  Mo  attempt  has  been  made  as  yet  to  introduce  corrections  for 
atmospheric  effects. 
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Equation  (4)  becomes  much  simplified  if  the  ratio 


equals  one; 


Rs 

therefore  it  is  desirable  to  dorive  an  expression  for  P^,  the  power  which 

would  be  received  from  the  sphere  of  cross-section  as  if  it  were  at  the  same 
range  as  the  target. 

Since  os  *  K  ftj  Prs, 


Since  Prs  is  commonly  measured  not  in  watts  but  in  decibels  (db). 
Equation  (5)  becomes,  by  definition? 

PR5  (db)  •  10  lo, 1„ 

“  10  log10  °s  "  10  log10  K  ■  40  lo«lO  Rs 


(5) 


or,  since  os  and  K  are  constant  for  any  given  radar  calibration. 


pRs  (db)  *  -40  lo8io  Rs  *  B. 


(6) 


The  received  power  data  (Pfo  (db))  from  the  sphere  calibration  track 
may  be  evaluated  at  several  points  Rs,  and  the  pairs  of  values  R,^, 

pRsi  (db),  (i**l  to  n),  substituted  in  equation  (6)  to  obtain  n  values  of  B^. 
Since  these  may  vary  somewhat  because  of  random  fluctuations  inherent  in 
physical  measuring  systems,  an  average  IT  is  computed. 

n 

I  Bi 

b  -  Jr! — 

n 

Thus,  using  equation  (6),  with  Rs  *  Rt,  the  equivalent  power  is 
computed. 


P^(db)  -  -40  log10  Rt  ♦  I 
Equation  (4)  now  becomes 


pRt 

°t  E  *71  os 
Rs 


•Definition  of  db:  Quantity  (db) 


10  logw 


6 


Quantity 


reference  Quantity 


-) 


(7) 
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(8) 


or  again,  since  PRt  and  P^g  are  measured  in  db: 

ot(db)  =  PRt(db)  -  P^s(db)  *  10  logi0  os 

In  order  to  convert  ot(db)  into  units  of  area,  the  reference  area  is 
usually  taken  as  one  square  meter  (if  os  was  computed  in  square  meters). 

Thus 

ot  (m2)  *  -jjp  antiloglg  (ot  (db))  (9) 


Computer  Program 


Since  cross-section  varies  with  aspect  angle  and  since  range  data  is 
needed  in  computing  o,  the  cross-section  reduction  program  must  have  as 
part  of  its  input  the  radar  output  tape  from  the  DRD  Velocity  and  Accelera¬ 
tion  program  (discussed  separately).  The  other  necessary  inputs  are  a  digital 
tape  of  the  "power  received  vs  time"  data,  the  radar  coordinates  in  the  same 
4  system  as  the  "V  and  A"  data,  the  cross-section  (ps)  of  the  calibration  sphere 
used,  and  a  hand-computed  value  of  the  TT  of  equation  (7) . 


The  program  produces  a  listing  of  the  following  functions,  vs  time: 
slant  range  (in  feet,  meters  or  yards) 
altitude  (feet* or  meters) 
aspect  angle  (degrees) 
cross-section  (square  meters) 
cross-section  (db  above  1  square  meter) 
logi0  (range)  (feet  or  meters) 
power  received  from  target  (db) 


The  altitude  listed  is  the  same  as  that  computed  by  the  V  and  A 
program.  The  aspect  angle  is  defined  as  the  angle  between  the  target 
velocity  vector  and  the  line  of  sight  to  the  radar. 


The  "power  received"  data  input  to  the  reduction  may  be  recorded 
originally  in  any  one  of  three  ways: 
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1.  The  radar  automatic  gain  control  (AGC)  signal,  a  measure  of 
received  power  strength,  may  be  recorded  in  analog  form  on  magnetic  tape, 
and  digitized  by  the  DRD  telemetry  station  digitizer. 

2.  The  received  radar  pulses  may  be  displayed  on  an  A-scope  ana 
photographed  by  either  strip  or  frame  cameras  with  timing,  and  the  received 
power  measurements  (peak  amplitude  of  the  pulses)  read  on  a  Telereadex 
(front  projector).  The  card  output  of  the  reader  is  then  transferred  to 
digital  magnetic  tape  in  the  same  format  as  that  of  the  telemetry  digitizer 
output. 


3.  The  AGC  signal  may  be  recorded  on  Sanborn  strip  recorders, 
which  must  be  read  manually.  These  can  also  be  digitized  on  the  Telereadex, 
and  the  data  processed  as  above.  * 

Once  the  "power  received”  data  has  been  converted  to  its  digital  tape 
format  (the  same  format  used  for  digitized  FM  telemetry  data),  processing 
is  identical  for  all  three  types  of  raw  data. 
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1  Stations  of  Cartesian  Coordinate  Systems 
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HANDBOOK  OF  DATA  REDUCTION  METHODS 
ROTATIONS  OF  CARTESIAN  COORDINATE  SYSTEMS 
24  September  1964 


JOSEPH  il.  CORSON  DRD-T,  WSMR 


Preceding  pap  Plank 


ABSTRACT 


The  matrix  equation  used  to  rotate  position  data  from  one  left-handed 
Cartesian  system  to  another  is  developed  by  successive  rotations  about  the 
coordinate  axes  through  the  geodetic  positions  of  the  origins  of  the  two 
systems.  A  final  rotation  then  references  the  system  to  the  line  of  fire 
of  the  missile.  The  matrix  to  accomplish  these  rotations  in  one  step  is 
derived  in  this  report,  and  its  inverse  solution  is  also  presented. 
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ROTATIONS  OF  CARTESIAN  COORDINATE  SYSTEMS 


Introduction: 

This  report  derives  the  matrix  equation  used  to  rotate  position  data 
from  one  left-handed  Cartesian  system  to  another  left-handed  Cartesian  sys¬ 
tem,  The  matrix  is  developed  by  successive  rotations  about  the  coordinate 
axes  through  the  geodetic  positions  of  the  origins  of  the  two  systems  and 
through  a  final  rotation  to  refeience  the  system  to  the  line  of  fire  of  the 
missile.  The  inverse  solution  is  also  derived. 


The  Cartesian  syster-3  to  be  considered  here  are  defined  as  coordinate 
systems  (x,  y,  z)  in  which  x  and  y  lie  in  a  plane  parallel  to  the  plane 
tangent  to  Clarke's  Spheroid  of  186A  at  the  origins.  The  z  coordinates  are 
perpendicular  to  the  xy  planes  anu  positive  ipwards.  The  original  Cartesian 
system  is  oriented  on  true  North. 

Mathematical  Derivation: 

Definitions  of  symbols  used  m  the  derivation; 


$0>  'n0  geodetic  positions  for  the  original  origin. 

$tt  >t  geodetic  positions  for  the  new  origin, 

<S >o  and  4t  are  positive  in  the  northern  hemisphere. 

Xq  and  Xt  are  positive  in  the  western  hemisphere. 

a  azimuth  of  fire1  -  the  azimuth  to  which  the  new  system  is 
orientod  and  measured  positive  clockwise  from  north. 


*t»  Yt*  zt  Carte3isn  coordinates  of  the  new  origin;  x~  positive  north, 
y\  positive  sast,  z£  positive  upwards  and  perpendicular  to 
the  xt  yt  plane-, 

x,  y,  z  Cartesian  coordinates  of  a  point  to  be  rotated  to  the  new 
Cartesian  system. 


x ' ,  y',  z*  the  coordinates  cf  the  point  in  the  new  system;  x'  positive 
along  the  azimuth  in  the  new  reference  plsne,  y*  positive 
to  the  right  of  the  azimuth  in  the  new  reference  plana,  and 
z'  positive  upwards  and  perpendicular  to  the  new  reference 
plane. 


Ax  »  x  -  x£;  Ay  =  y  -  yt;  Az  *  z  -  zt. 


^Azimuth  of  fire  *n  this  report  refers  to  true  azimuth  which  is  measured  from 
the  meridian  cf  the  new  origin,  0  degrees  being  North. 
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"ax’]  fsin  $0  0  -cos  <t>o  ^  !”Ax" 

Ay'  *  0  1  0  Ay  (1) 

Az'  [cos  $o  0  sin  4>q  Az  . 

Then  rotate  about  the  z'  axis  through  the  angle  (Aq  -  A*). 

Az*  §  Az" 


Combining  equations  (1)  and  (2)  yields  the  following  matrix  fora. 


~Ax"  rsin  $q  cca  (Aq  -  At)  -sm  (A0  -  At)  -scs  cos  (Aq  -  At)l  rAx- 

Ay"  <*  sin  4o  sin  (Aq  -  At)  cos  (A0  -  At)  -cos  *0  sift  (Aq  -  At)  Ay  (3) 

_Az'j  [_  cos  ({>o  0  sin  $0  Az 


Rotate  about  the  y"  axis  through  an  angle  (90  -  »  such  that  the  reference 

plane  is  tangent  to  the  new  origin. 
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_Ax"r 

sin  0  cos 

~Ax"“ 

ay"* 

■ 

0  I  0 

Ay!* 

Az"' 

-cos  0  sin 

Az" 

Equations  (3)  and  (4)  yield  the  following  matrix  form. 


~Ax"r 

au  a12  aif 

Ax" 

Ay'" 

n 

a21  a22  a23 

Ay 

Az’^ 

531  a32  a33. 

AZ 

where 

a^i  =  sin  4>o  sin  4>t  cos  (Xq  -  At)  +  cos  4'0  cos  ^t 
a^2  ■  -sin  sin  (Ag  -  At) 

a13  *  -cos  i’O  s^n  $t  cos  C^O  “  *0  *  s*n  $0  cos  $t 

»21  "  sin  *0  sin  (A0  -  x0 

a22  *  cos  ( Ao  - 

a23  “  -cos  $0  3*n  (*n  " 

a3j  ■  -sin  $g  cos  cos  (Ag  -  *t)  ♦  sin  $t  cos  $g 
a32  "  cos  $t  s*n  (*0  *  *t) 

a33  "  cos  ^0  cos  $t  cos  (*0  “  *t)  +  sin  s*n  ^t  * 

The  final  rotation  is  about  the  z'"  axis  through  an  angle,  a,  which 
orients  tin  system  to  the  line  of  fire. 


v 
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Making  the  following  substitution  in  equation  (7) 


C11 

c12 

c13 

C21 

c22 

c23 

C31 

c32 

c33 

gives  the  matrix  equation 


x'~ 

Ax 

y 

-  [C] 

Ay 

_z'_ 

-Az_ 

(8) 


(9) 


where  x'  is  positive  along  the  line  of  fire,  y*  is  positive  to  the  right  of  x* 
and  z'  is  positive  upwards  and  perpendicular  to  the  x'  y'  plane,. 

The  reverse  solution  is  found  from  the  matrix  equation 


Ax 

~x'“ 

Ay 

■  [c]-1 

y* 

_Az 

y 

The  determinant  of  the  matrix  C  is 


therefore,  equation  (10)  is  an 
of  rotatioji.  In  an  orthogonal 
equal  to  the  transpose,  [C]’, 

orthogonal  transformation  or  a  transformation 
transformation  the  inverse  matrix  [C]”*  is 
of  (CJ. 

Therefore 

"cll 

C21 

c3l" 

(cj-»  -  [C]J  = 

c12 

c22 

c32 

(ID 

_c13 

c23 

c33_ 
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The  most  common  usages  of  these  rotations  are  to  rotate  from  the  .v:.ite 
Sands  Cartesian  Coordinate  system  to  a  launcher  tangent  Cartesian  system  or 
from  a  local  tangent  plane  to  WSCS.  In  the  WSCS  system  the  origin  is  the 
'intersection  of  latitude,  <+>q,  33r05'00"  north  and  longitude,  Ao,  106o20'00" 
west.  At  this  point  the  HN-plane  is  tangent  to  the  surface  of  the  Clarke 
Spheroid  of  1S66.  The  E-axis  is  an  cast-west  line  tangent  to  the  Clarke 
Spheroid  at  the  origin,  positive  in  the  eastward  direction.  The  N-axis  is 
a  north-south  line  lying  on  the  meridian  and  tangent  to  the  Clarke  Spheroid 
at  the  origin,  positive  in  the  northward  direction.  The  z-axis  is  perpendi¬ 
cular  to  the  EN-plane  and  positive  upwards. 

The  WSCS  origin  has  been  given  an  arbitrary  value  of  E  «  500,000.00  feet 
and  N  ■  500,000.00  feet.  These  values  were  selected  so  as  to  cause  the  E 
and  N  coordinates  to  be  positive  within  r.he  limits  of  the  range. 

Geodetic  azimuth  is  measured  from  the  meridian  of  the  new  origin,  zero 
degrees  being  south.  Since  true  azimuth  is  geodetic  azimuth  *180°,  it  is 
measured  off  the  meridian  of  the  new  origin,  0  degrees  being  north.  A 
transverse  Mercator  azimuth  (WSTM  or  UTM)  is  measured  from  a  line  that  passes 
through  the  new  origin  and  is  parallel  to  the  central  meridian  of  the  trans¬ 
verse  Mercator  system.  The  azimuth  is  measured  with  0  degrees  being  transverse 
Mercator  north. 


North 


Fir.UiiL  3. 

Figure  3  illustrates  the  geodetic  lines  and  transverse  Mercator  lines.  The 
solid  lines  designate  UTM  or  WSTM  grid  lines.  The  dotted  lines  show  longitude 
and  latitude.  Au  is  the  difference  between  geodetic  north  and  grid  north. 
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The  azimuth  of  fire  (a)  used  in  the  previous  equations  is  the  true  azimuth. 
If  a  transverse  Mercator  azimuth  (07^)  is  given,  the  true  azimuth  may  be  found 
from  the  following  equation. 


c 


aTM  ♦  2  sin"1  [sin  sin 


where 

AA  =  longitude  of  the  central  meridian  of  the  transverse  Mercator 
system  less  the  longitude  of  the  new  origin  (A^). 

$t  *  latitude  of  the  new  origin. 


The  following  diagram  describes  the  correction  (Aa)  to  be  added  to 
the  transverse  Mercator  azimuth  to  obtain  the  true  azimuth. 


O'P  *  O'P*  *  nP  sin  <j>c 


FI '"'RE  4. 


2  sin 


For  small  differences  of  longitude,  (AA  sin  may  be  subs“ituted  for 
-1  (sin  sin  ~T~~j  ,  therefore  the  equation  for  true  aziwuwii  becomes: 


a  =  aTM  +  sin  $t* 


sc 
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POWER  SPECTRAL  DENSITY  ANALYSIS 
USING  THE  AEL  ANALYZER 


Introduction 


The  AEL  Spectrum  Anal/2eT  was  built  by  American  Electronic  Laboratories,  Inc,, 
of  Colmar,  Pennsylvania,  Tne  analyzer  is  designed  to  separate  a  complex  signal 
into  its  various  frequency  components  and  determine  the  relative  magnitudes  or 
power  levels  of  each  of  these  components,  The  analyzer  consists  basically  of  3 
banks  of  20  filters,  ea'-h  having  a  different  center  frequency  and  bandwidth,  a 
set  of  integrators  which  sum  the  continuous  outputs  of  each  of  the  filters,  and 
a  commutated  readout  which  samples,  digitizes  and  records  the  data  from  each  into* 
grator  in  turn.  The  complete  3at  of  60  filters  covers  the  entire  band  from  10 
cps  to  10  KC. 

Two  sets  of  white  noise  calibration  signals  may  be  passed  thru  the  analyzer 
in  addition  to  the  dsta  signal:  The  first,  white  noise  machine  calibration,  is 
necessary  to  compute  e  correction  factor  for  each  filter  to  compensate  for  any 
nonlinearity  in  filter  gain  adjustments,  The  second,  another  white  noise  input 
which  is  related  to  the  data  by  known  factors,  is  necessary  if  the  digital  output 
of  the  analyzer  is  to  be  calibrated  in  the  physical  units  of  the  input  data. 

The  computer  program  is  required  tc  accept  the  raw  data  input,  compute  and 
apply  the  necessary  correction  factors  and  calibration  constants,  and  generate 
several  types  of  data  output  in  formats  suitable  for  a  variety  of  listing  and 
plotting  requirements, 


Derivation  of  Relationships 

The  spectrum  analyze?  is  a  device  which  receives  a  complex  signal  as 
input  and  separates  the  signal  into  its  various  frequency  components.  This 
analyzer  consists  of  three  banks  of  twenty  filters  each,  the  first  bank  of 
20  filters  covering  the  frequency  range  of  10  to  100  cycles  per  second,  the 
second  bank  100  cps  to  1  KC,  and  the  third  1  KC  to  10  KC,  Only  one  bank  of 
filters  may  be  used  in  a  single  pass  of  the  input  signal.  In  order  to  cover 
the  complete  frequency  range  of  the  analyzer,  three  passes  of  the  input  signal 
must  be  made,  A  commutated  readout  samples  each  of  the  twenty  filters  once 
each  second  or  tenth  of  a  second,  A  frame  of  data  consists  of  time  and  these 
twenty  digitized  readouts,  Tne  lest  readout  of  a  pass  is  called  last  frame 
data,  i,8,,  there  will  be  3  last  frames  for  one  complete  analysis, 

Two  white  noise  calibrating  signals  are  passed  through  the  analyzer  in 
addition  to  the  data  signal,  (White  noise  is  a  random  signal  which  hss  uniform 
power  distribution  throughout  the  frequency  range  of  the  analyzer,)  Tne  band- 
widths  of  the  filters  of  the  analyzer  are  so  designed  that,  when  white  noise 
is  processed,  tho  output  of  each  filter  will  have  0,5  db  gain  over  the  output 
of  the  filter  which  proceeded  it.  This  characteristic  is  used  to  compute  a 
correction  factor  for  fine  adjustment  of  the  analyzer.  If  the  machine  is  out 
of  adjustment,  the  actual  gain  of  each  filter  will  not  equal  the  predicted 
gain,  ir.  which  case  a  correction  factor  is  computed  for  the  filter  which  is  in 
error,  Tnree  banks  of  white  noise  data  are  processed,  utilizing  all  60  filters, 
but  only  the  last  frames  of  the  white  noise  calibrations  are  recorded  on  the 
data  tape. 
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Vne  second  calibration  signal  is  also  a  white  noise  (data)  signal.  This 
signal  has  known  relational  factors  between  it  and  a  given  function  value,  thus 
allowing  the  data  signal  to  be  calibrated  in  the  proper  physical  units.  Only 
the  3  last  frame  outputs  of  the  calibration  are  recorded, 

A  "group"  of  data  consists  of  three  banks  of  last  frame  white  noise 
(machine)  calibrations,  three  banks  of  last  frame  white  noise  (data)  calibrations 
associated  with  the  data,  and  N  frames  of  data  for  each  of  the  three  banks  for 
the  period  of  analysis.  Sometimes  reduction  of  only  the  last  frame  data  will  be 
requested. 


"Pot"  Factor  Calculations 


The  input  voltage  to  the  analyzer  is  attenuated  by  a  potentiometer,  When 
.-witching  from  sne  bank  of  filters  to  another  it  is  usually  necessary  to  change 
the  potentiometer  (pot)  setting  to  achieve  optimum  output.  In  order  to  relate 
all  banks  of  information  to  each  other  the  data  from  each  bank  must  be  multiplied 
by  a  pot  factor,  This  means  that  there  will  be  three  white  noise  (machine)  pot 
factors  (one  for  each  bank),  three  white  noise  (data)  pot  factors,  and  three  pot 
factors  for  data  to  be  computed,  The  pot  factor  to  be  used  for  any  bank  B  is  the 
square  of  one  over  the  pot  setting  for  that  bank  of  data,  The  pot  settings  used 
will  be  supplied  by  tne  program  requestor, 

''•F-  ‘(ter)2 


White  Noise  Correction  Factors 


The  white  noise  (machine)  correction  fect^r  for  each  filter  compensates 
for  fine  adjustment  of  the  analyzer,  The  analyzer  is  designed  to  hav®  0,5  db 
gain  between  any  two  adjacent  filters  when  processing  white  noise.  The  correc¬ 
tion  factors  are  calculated  using  the  white  noise  (machine)  calibrations  multi¬ 
plied  by  their  appropriate  pot  factors. 

Let  Mj  e  (1VN^)(PFb)  be  the  white  r.oise  (machine)  data  output  of  the 
j**5  filter  corrected  by  the  pot  factor  for  bank  B,  where 

B  »  1  for  filter  numbers  1  s  j  i  20 

B  »  2  for  filters  21  <  j  <  40 

B  a  3  for  filters  41  <,  j  s,  60, 


Then  the  0,5  db  gain  criterior  between  adjacent  filters  leads  to  the 
following  relationships  for  filter  correction  factors,  Rj, 
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10  log10 


»  0,5  db 


10  log10 


^  m5 
J*2  m2 


0,5  db 


10  log10 


aa 


j*j-i  5|j-i 


|»  0,5  db , 


Using  filter  number  1  as  a  reference  and  solving  for  the  correction  factors 
Rj#  (j  ■  1#  2,  ,  60),  leads  to  the  equations: 

Rj  •  1,  by  definition, 

R,  .  lot’05)^ 

\M2  J 


R 


3 


* 


loC.OS) 


R 


inC.OS) 


10 (•05)/2lL.\0(*°5)(-ili\  1n(a05)C2)/M:  ^ 
\m3 /  \m2/  \m3  / 

l6 (  =°5),/2!l\0 (  .05)  C2)/C!1lV  ioC.°53 

\M4  /  \M3/  \  M4  / 


-  io(*os)CM)pLN 
V  / 


Filter  Bandwidth  Factors 

The  different  filters  of  the  analyzer  have  different  bandwidths.  In 
order  to  properly  compare  the  outputs  of  the  various  filters  as  a  function  per 
cycle  it  is  necessary  to  normalize  the  data  by  dividing  each  filter's  output 
by  that  filter's  bandwidth  All  normalized  data  are  then  m  units  of  filter 
output  per  cycle  of  bandwidth 

The  bandwidth  of  the  i**1  filter  is  given  by  the  difference  between  the 
lower  band  edge  frequency  "(L)  of  the  jth  filter  and  the  lower  band  edge  fre 
quency  of  the  (j*l)^  filter,  where  the  lower  band  edge  frequencies  of  adjacent 
filters  are  related  by  the  9,5  db  criterion  previously  used  in  computing  white 
noise  correction  factors, 
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That  is. 


and 


or 


BWj  "  L(j+1)  '  L(j) 
10  log10 

0(f)2/' 


0,5  db 


lc»gio(L(j<.i)V  lo8lo(L(j))*  °  =  05. 


From  this  it  can  be  shown  that 
1°«10  "  0*^5  *  -°8l0  (Ll) 

logic  (L3)  *  °’0S  *  leg  0  (l2 )  "  °=05  *  0-OS  ♦  iog10  (Li) 

1°810  (1>4)  *  0,05  ♦  logiQ  (L3)  •  0  OS  ♦  0,05  ♦  0,05  ♦  logic  (l*j) 

-  (3) (0,05)  >  logjQ  (Lx) 

0 

» 

l°£lO  (Lj)  •  0,05  *  logjc  (Lh_i)  -  (0,05)  (j-1)  ♦  log^  (Lj). 

Since  l>2  ■  10  cps  and  log^  (Li)  ■  1,0,  this  expression  for  the  J  lower  band 

edge  frequency  can  bo  written 

log^  (Lj)  -  (J-l)CO.OS)  ♦  1,0 

or  r  T 

Lj  .  ,rfi(J-D(0.0S)  v  11  .  [I0(j-1)(0-0S)J  ^10)( 

Then  the  bandwidth  of  the  filter  can  be  found  from 
BWJ  3  L(j*l)  * 

-  10  [10^)  Cc053  .  10(J-1)(:0S)] 

-  10  [ioO-1'C.05>J[ioC.°5>  .  ij 

•  ji0O'l)(»05)J  ^10  (1,122  -  l)j 

*  jlO«-1>C-OS5j  (1,22). 
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data  Calibration 


In  order  to  calibrate  the  data  in  some  physical  units,  a  calibration 
signal  of  known  RMS  value  must  be  analyzed  and  digitized.  The  calibration 
furnished  by  the  data  user  may  be  either  a  sine  wave  or  a  white  noise  signal; 
however,  the  calibration  signal  processed  on  the  analyzer  will  always  be  a 
white  noise  signal.  If  a  sine  wave  is  furnished  it  will  be  examined  to  deter¬ 
mine  its  RMS  value  and  the  output  of  a  white  noise  generator,  matched  to  this 
RMS  vatue,  will  be  fed  to  the  analyzer  for  the  calibration. 

The  following  is  the  derivation  of  th-;  calibration  constant  .*.  which  is 
used  to  convert  machine  count  values  of  analyzer  output  tc  engineering  units 
First  it  will  be  shown  that  K  is  the  s_me  constant  for  every  filter;  then  the 
formula  for  finding  K  will  be  derived,  In  practice,  because  of  small  variations 
in  actual  filter  outputs,  a  separate  Kj  should  be  computed  for  each  filter 
(j  ■  1  to  60)  and  the  average  value  of  all  60  Kj!s  used  in  the  reduction  for 
all  filters,  thus  increasing  the  statistical  reliability  of  the  estimate. 


A.  Proof  that  K  is  the  same  constant  for  each  filter,  j.  e.,  Ki  *  K2  ■  •*»  « 

The  total  output  power  of  the  noise  calibration  is  the  aum  of  the  outputs 
of  the  60  filters; 

60 

Pn  *  I  Poutj. 

However,  the  output  of  each  filter  is  given  in  terms  of  a  relative 
machine  count  valuo, 

?cutj  “  Dj*  where  Kj  is  the  calibration  constant  for  the 
filter  and  Dj  the  machina  count  value. 


The  design  characteristics  of  the  analyzer  are  such  that  the  power  output 
relationship  between  filters  is  given  by; 


out 


out] 


i 


10 


•OS(j-l) 


(1) 


39D 


by 


The  normalized  power  output  (power/cycle)  of  any  filter  is  given 


Pout] 

BW, 


Pour  . 


—  o  power/cycle 


BWjflO 


out  j 

wm- 


or  since  Pout^  a  Dj 

Kj  £l  e  Kj  Dj 

BWj  Bh’1[10*°-'O-l)l  ' 


Again  utilizing  the  design  characteristics  of  the  analyzer  it  is 
seen  that: 


Substituting  equation  (6)  into  equation  (4)  gives 
Kl  Dj  Kj  Dj  _ 

Tw-J  ( 10 '• 05  C  J  - 1)7"  "  TlO  -°^(i-  i  >T  BWj 


or  simply 


Kj  ■  Kj  for  ail  j. 


B.  Derivation  of  the  Formula  for  Computing  K 

The  total  power  output  of  the  white  noisr  generator  can  be  divided  into 
two  fractional  parts:  that  portion  of  the  generator's  frequency  range  which 
is  ai»alyzod  by  the  PSD  analyzer,  and  that  portion  of  the  nciss  gener: tor's 
frequency  range  which  is  not  analyzed  by  the  analyzer, 

That  is: 


where 

Pft  *  total  power  output  of  white  noise  generator 
■  Band  width  of  PSD  analyzer 
BWfj  <*  Band  width  of  noise  generator 


fractions  of  noise  power  analyzed  and  not  anal* ted  respectively, 
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but  tnat  part  of  the  ncxse  generator's  output  which  is  analyzed  is  also 
the  Lr-t al  power  output  of  the  60  filters 


\  60 

l  W, 

'  j«l 


Substituting  this,  equation  (8)  becoDcs; 

60  .  .U-\ 


Pn  '  h  e°m> 


(10) 


By  definition  of  white  noise,  which  states  that  the  normalized  power 
per  cycle  output  at  any  frequency  in  the  band  equals  the  total  power  output 
averaged  over  the  total  frequency  band,  we  have 


P  out 


60 

?  P 


OUti 


BW, 


i - iii 


BW, 


(ID 


£ 

K  D 

But  since  Poutj  -  — » 


(12) 


equation  (11)  can  be  written 


60 

I  pout 

j-1 


i 


bwa 


iliJL 

BW'j  T 


(13) 


/ 

\ 


where  T  is  the  period  of  integration, 

Substituting  equation  (13)  into  equation  (10)  gives 


pN 


Kj  Dj  BWa  /A 


BWj  T 


which  can  be  solved  for  K; 

A 


K  «  PN  1 


BWj  T 


BWN  /LBWa  Dj  J 


(14) 


(15) 


'The  factor  — —  in  equation  (12)  is  the  result  of  th^  fact  that  machine  count  output 
T 

|T 

f(t)  dt,  end  is  thus  in 


e  analyzer  is  the  read-out  of  an  integrator,  Dj  *  K 


0 


units  of  "(power/cycle)  x  time".  Since  we  wish  to  deal  simply  in  normalized (power/ 
cycled  this  time  factor  must  be  •■I'-nipensated  for- 
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For  the  white  noise  generator  in  the  PSD  analyzer  the  constants  are: 
BWn  ■  (27  KC)  ti/2  o  42,4  KC 
A  o  (BWn  -  10  KC)  «  32.4  KC 
RWa  ■  10  KC. 


Substituting  these  values  in  (15), 

/  32,4  BWj  T 

K  "  ?N  \l  "  4204  /[  (10  KC)  Dj  _ 

■  (2.35849  x  BW-1  ' 

which  can  be  evaluated  from  the  white  noise  data  calibration  for  any  analysis 
group , 


Data  Output  Types 

A  great  variety  of  output  data  types  may  hs  requested  from  the  program , 
However,  for  any  given  run  only  one  data  type  will  be  requested.  The  form  of 
the  output  requested  may  be  listings,  plots,  or  both. 

i 

For  the  sake  of  ease  of  reference,  the  33  data  types  are  numbered,  and 
defined  «s  below; 

1,  Data  1  is  the  digital  deta  output  of  the  analyzer  corrected  for  a  factor 
of  "System  Zero"  and  formatted  as  the  input  to  the  7094  reduction  program. 

2.  Data  2  is  the  most  basic  output  data  type.  It  is  simply  the  raw  data 
corrected  for  the  appropriate  pot  factors  and  white  noise  (machine)  calibration. 
Data  2j  n  is  the  relative  power  contained  in  the  jth  filter  bandwidth*,  summed 
over  the  time  interval  (tn  -  t0) , 

Data  2^n  •  (Data  l^n)  (P,F,B)  (Rj) 


where  P,F,3  is  the  pot  factor  for  the  bank  of  filters  containing  the  j ^  filter 
and  Rj  is  the  white  noise  (machine)  correction  factor  for  the  jth  filter. 


3; 


:th 


Data  3j  n  is  the  restive  power  per  cycle  contained  in  the  j  filter 


bandwidth  summed  over  the  time  internal  (tn  -  ty)  normalized  by  the  width  of 


he  j**1  filter  in  cycles.  Data  3j 


Data 


BWj 


(16) 
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4-5 :  The  RMS  values  of  the  power  measurements  of  data  types  2  and  3  give  the 
relative  G's  and  relative  G’s  per  cycle  outputs  in  the  jth  filter  in  the  time 
interval  (tn  -  to) < 


Data  4j>n  »  /  Data  2j|0 
Data  5;  fl  «  /"Data  3,  , 

J  C*‘  J  , 


Data  TJt n 


6-9,  Data  types  2-S  are  total  power  or  G  measurements  over  the  time  intervals 
-  tg)  where  n  »  1,  2,  ,  N  give  the  successive  time  points  of  analyzer 

output.  Data  types  6^9  are  the  average  relative  power  or  G's  in  the  j**1  filter 
bandwidth,  averaged  over  the  total  integration  time  t^c 


Data  2i  » 

Data  6,  m  ■  where  Data  2,  M  is  the  last  frame  data  of  the 

3,N  (tN  -  t0)  3*N 


j  filter  and  t^  is  the  time  of  last  frame. 


Data  3: 


Data  2, 


Similarly,  Data  7j,n  ■ 


(t.N  (BWj)(t^  -  t0) 


Data  4. 


Data  84  M  ■ 


(*N  -  t0)  (tfl  -  t0) 


Data  5 j  w 


Data  9j  u  ■  1  '  11  *•*"  » 

(tN  *  tQ) 


'  Data  3j>N 


1  y^Data  2j 

V  Dili 


(CN  io) 


10-13,  Data  types  10  thru  13  are  derived  from  types  2-5  and  the  calibration 
constant  K,  which  expresses  the  relative  data  in  the  proper  physical  units 


Data  10,  n  •  K  Data  2,  „  is  t;. 

*  J  *n 

width  in  the  time  interval  (tn  -  to) 


power  m  the  jc“  band- 


Data  lb  n  *  K  Data  3,  _ 
j»‘‘  j,n 


K  Data  2j>n 


Data  i  .  j  r.  a  ^  i\  Data  t,  n 

j  »"  J >“ 


I  N  ■_  J 


dm 

Data  13.  _  *  / K  Data  5,  _  ■  ✓  K  Data  3,  _  ■  /  - 

J.n  Jrn  J>n  y  B1V 
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14-17,  Data  types  14  thru  17  are  the  calibrated  last  frame  data  averaged  over 
the  total  integration  time,  (Tn  -  Tq) 


Data  )4j>N  *  K  Data  6^  w  « 


j,N 


K  Data  2j 

<tn  -  To> 


K  Data  2-t  m 

Data  15,  M  *  K  Data  7,  M  -  - - - 

'*"  BWj(Tn-T0) 


Data  16,  N  »  ^  K  Data  8,  n  ■  - ^  ^a*a  — 

3'N  3t  (Tn  -  T0) 

Date  17,  m  .  /Feta  9,  „ - 1 -  /  K  •?«<?  HZ 

3»  (Tn  -  T0)  /  BWi 


Requests  for  data  types  14  thru  17  will  always  be  for  last  frame  only 
reductions. 


18-33,  Data  types  18  thru  33  are  incremental  data  types  showing  the  changes 
and  rates  of  change  of  data  from  ono  point  to  the  next  in  the  analysis.  When 
the  time  interval  at  between  adjacent  time  points  (t^  -  tn_i)  is  one  second, 

the  rates  of  change  of  data  types  22-25  and  30-33  will  be  numerically  equal  to 
their  respective  incremental  data  types  18-21  and  26-29, 


Data 

Data 


-  Data  2j#n  -  Data  2jtjM 
Data  2jjn  -  Data  2jtn.x 

»  ■"■■■■  >  Me..  ■■■>■—  »«»■  ■ 

BWj 


Data  20 


i  #n 


Data  2 


^  Data  2 


j,n-l 


Data  21j>n 

Data  22j^n 

Data  23,  _ 
J  »'* 

Data  24j#n 


-  (y  Data  2j,n 

•  Data  18j#n/(tn  -  tn_x) 

■  Data  19j,n/^n  '  tn-l) 

-  Data  20j<n/(tn  -  t^) 


J  Data  2,  _  , 
j,n-i 


) 
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Dflts  25 j ■  Data  21^ 

Data  26j^n  ■  K(Data  2j^n  -  Data 

Data  27j#n  -  (Data  2^n  -  Data  2,^) 

Data  28 j  ■  /"T*  (/  Data  2^  <R  -  /  Data  2 j  #n_i  ) 

Data  29jt„  -  (/  Data  2j>n  -  -^oTta'  2j  #n. 

Data  30^n  ■  Data  26^n/(tn  -  tn_j) 

Data  31^  n  «  Data  27^n/(tn  -  tn_j) 

Data  32^n  -  Data  28j<n/(tn  -  tn-1) 

D.t.  33jin  .  Data  29J(n/(tn  -  Vl) 
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Summary  of  Data  Types 


Input  to  the  Program 


The  input  to  the  program  will  be  supplied  on  IBM  tape  in  a  90  character 
per  record  BCD  format  All  records  except  the  group  identifying  record  will 
be  in  the  following  format: 

Characters  1*7  Time  (XXXX  XXX)  seconds 


8-9  Code  number  for  type  of  data  (98,  97,  or  00) 

10  Bank  number  (I,  2,  or  3) 

11  14  > 


15  -  18 

19-22  \  20  four- place  machine  count  outputs  of  analyzer 

97  -  90 

/ 


■’’hree  code  numbers  are  possible  m  characters  8  and  9;  98  indicates  white 
noise  (.machine)  calibrations;  97  indicates  white  noise  (data)  calibration;  and 
00  indicates  data,  "Last  frame  data"  is  indicated  by  a  minus  sign  over  the 
bank  number  in  character  10,  The  20  four-place  outputs  of  the  analyzer  comprise 
one  frame  of  data,  i«e,,  one  commutated  readout  of  the  twenty  filters  in  ona 
bank.  There  is  a  commutated  readout  for  each  second  of  the  analysis.  (If 
any  output  is  negative,  it  is  signed  in  the  low  order  position.) 

The  first  record  of  a  group  is  the  identifying  record ,  The  first  8 
characters  of  the  identifier  are  "GROUP"  followed  by  a  blank  and  the  two  identi¬ 
fying  numbers ,  The  remaining  (82)  characters  may  contain  any  information  or 
comment  desired,  or  be  blanks. 

The  2nd,  3rd,  and  4th  records  of  a  group  are  the  white  noise  calibration 
records  for  banks  1,  2,  and  3  respectively-  The  3  white  noise  (data)  cali¬ 
bration  records,  if  present,  will  be  the  next  records  on  the  tape.  Then 
follow' the  data  records  from  time  Tj  thru  time  T^  for  bank  1,  data  from  time  Tj 

thru  time  1>j  for  bank  2,  and  data  from  time  Ti  thru  time  Tn  for  bank  3,  The 
computer  program  will  be  required  to  sort  the  dat  .  records  by  time  and  generate 
identifying  frame  numbers  so  that  "frame  n  data"  will  refer  to  the  output  at 
time  TR  of  all  three  banks  of  filters,  numbers  1  thru  60,  Groups  of  data 

(i,e,,  successive  runs)  are  stacked  or.  the  tapes 

Additional  information  supplied  witn  each  group  will  be: 

a,  Potentiometer  settings  used:  3  white  noise  (machine)  pot  settings; 
3  white  noise  (data)  calibration  pet  settings  if  calibrations  are  used;  and  3 
data  pot  settings.  All  pot  settings  are  two  digits,  ranging  from  0,1  to  C-9. 
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b;  Time  duration  (Tc)  of  white  noise  (data)  calibration,  ranging  from 
000,000  to  999,999  seconds, 


c.  Time  duration  of  data  (T[))„  ranging  from  000,000  to  999,999 

seconds, 


d,  Calibration  value  (PN)  for  white  noise  (data)  calibration,  ranging 
from  000.000  to  999,999,  physical  units  to  be  specified. 

The  program  request  will  also  indicate  whether  or  not  only  last  frame 
analysis  is  desired,  as  well  as  the  output  listing  and  plotting  requirements 
for  each  run. 


Program  Outputs 

At Listings  -  Two  types  of  listings  will  be  needed.  The  first  wii.  be  a 
continuous  list  of  the  data  type  requested  as  a  function  of  time,  that  is,  for 
a  given  time,  tn,  (or  frame  number),  the  outputs  of  all  60  filters  at  that  time 
(for  that  frame)  will  be  listed,  Such  a  list  may  be  requested  for  all  time 
points  of  the  analysis,  for  an  interval  of  time  points,  or  for  a  specific  time 
point  or  frame  number,  A  suggested  format  to  list  one  time  point  (frame)  is 
below; 


Time  tn 
(F7,3  format) 


Filter  Nos, 

Data  Type  No, 

- 

1  -  5 

D,t* 

1 

Data  Nj-2,tn 

6-10 

11  -  IS 

16  -  20 

Dat*  ’V.t, 

• 

• 

Dat8  NJ-7,tn 

9 

55  -  60 

Data  N,  cc 

j*55,tn 

Uata  NJ-S6.tT 

The  second  type  of  listing  will  be  a  continuous  list  sorted  by  filter 
numbers.  The  output  of  a  single  filter,  or  filters,  or  a  specified  interval 
of  filters  may  be  required, 

If  plots  are  requested  as  the  program  output,  a  listing  of  the  plotting 
information  must  also  be  made-  This  should  include  all  plotting  information 
specified  by  the  program  request  (time  or  frame  numbers  or  intervals,  data 
type,  etc,)  and  also  all  plotting  parameters  computed  by  the  program  (scale 
factors,  board  and  data  offsets,  etc,). 
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B,  Plots 


There  are  two  types  of  plots  which  will  be  required:  bar  graphs  and 
continuous  line  plots .  These  will  be  made  using  the  EAI  3440  Dataplotter. 

Input  to  the  plotter  is  an  IBM  tape  written  at  200BPI  in  BCD  mode,  Although 
the  Dataplotter  car.  accept  formats  of  a  variety  of  word  and  record  lengths  , 
the  following  standard  format  should  be  used; 

Hach  record  shall  contain  one  data  word  of  12  BCD  characters  and  shall 
represent  one  data  point  or  plotter  command  function.  The  first  6  characters 
are  for  the  X  value  and  the  second  6  for  Y,  The  first  character  is  the  command 
X  coda,  the  second  the  sign  of  X,  and  characters  3  through  6  are  the  X  data, 
high  order  first.  Character  7  is  the  command  Y  code,  character  8  the  sign  of  Y, 
and  characters  9  through  12  are  the  Y  data,  high  order  first.  An  end  of  file 
is  required  at  the  beginning  as  well  as  the  end  of  each  plot.  At  the  end  of 
the  last  plot  on  the  tape,  at  least  two  or  three  EOF  characters  should  appear, 

The  following  is  a  list  of  the  plotter  command  codes  available: 


COMMAND 

Skip  the  data 

Plot  the  X  ar.d  Y  data 

Set  the  X  and  Y  scale  factors 

Set  X  seals  factor 

Set  Y  scale  factor 

Set  X  and  Y  data  offset 

Set  X  data  offset 

Set  Y  data  offset 

Set  X  and  Y  board  offset 

Set  X  board  offset 

Set  Y  board  offset 

Select  symbol 

Pen  down 

Pen  up 

Start  new  curve 
Stop  plot 


X  CODE  Y  CODE 


0  0 


1  1 
2  2 


2  0 
0  2 


3  3 

3  0 


0  3 

4  4 


4  0 

0  4 


0  S 

0  6 


0 


7 


0  8 

0  9 


4'jy 


V 


r 

I 


Before  beginning  a  plot  thr.e  sets  of  variables  must  be  specified  to  cne 
plotter.  These  are  the  X  and  Y  scale  factors ,  the  X  and  Y  board  offsets,,  ar.o 
the  X  and  Y  data  offsets,  The  three  records  specifying  this  informat. or.  ...'.o-lc 
be  the  first  three  records  on  the  plotter  tape,  The  ,ption  should  be  avails. e 
either  to  specify  these  quantities  as  load  card  variables  with  the  program  re¬ 
quest  or  to  compute  them  when  preparing  the  plotter  tape. 

Scale  Factors  (XXX, X) 

The  scale  factor  settings  for  X  and  Y  determine  the  number  of  counts  per 
half- inch  of  plot.  The  scale  factor  used  should  be  determined  from  the  range 
of  the  data  and  the  paper  size  to  be  used  Normally  plots  will  be  requested 
on  either  7  x  10  in' a  or  10  x  IS  inch  paper. 


Board  Offsets  (±.  XX) 


The  nor  isl  origin  of  the  plot  board  is  the  center  of  the  board  Other 
points  on  the  board  and  their  coordinates  (m  half-inches,  X  given  first)  are: 
Upper  loft  (-3C,  30),  Upper  right  (30,  30),  Lower  right  (30,  -30),  »,ower  left 
(-30,  -30) ,  The  board  offset  command  is  used  to  relocate  the  origin  at  any 
other  location  on  the  board.  The  origin  is  transferred  to  the  coordinates 
that  are  listed  with  the  command  For  example,  the  command  to  ^relocate  the 
origin  at  the  lower  left  hand  corner  of  the  board  allowing  one  inch  margins 
on  the  paper  (that  is,  two  half-inches)  would  Ke  specified  by  the  12  character 
record 

4  -  00284  .  0028. 

The  board  offset  command  is  usually  used  to  locate  the  coordinates  (j,  0) 
at  the  plot  origin,  The  pap'r  will  always  be  placed  on  the  plotting  board  so 
that  this  point  is  at  the  board  coordinates  (0,  -20),  allowing  one  inch  margins 
on  the  paper. 


Data  Offset  (*  XXXX) 

The  data  offset  command  causes  the  X  and  Y  data  offset  values  to  be 
algebraically  added  to  their  respective  data  point  values  before  the  point 
is  plotted,  Normally  this  command  is  not  used  However,  it  is  necessary  to 
specify  it  the  beginning  of  each  plot  that  the  data  offset  value  is  (0,  0), 
That  is,  the  command  3  *  00003  ♦  0000  should  be  the  third  command  on  each 
plotting  tape 

General  Instructions 


At  tho  beginning  of  each  plotting  tape,  and  between  plots  on  the  same 
tape,  there  should  be  one  EOF  character.  After  the  last  plot  on  the  tape  there 
should  be  at  iea~>t  two  or  three  EOF  characters 

The  first  plotter  commands  for  each  plot  must  be  used  to  set  the  X  and  Y 
scale  factors,  X  and  Y  board  offsets  and  X  and  Y  data  offsets-  Even  if  any  of 
these  values  are  zero,  they  still  must  be  specifically  set  to  that  value. 
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After  these  three  commands  are  giver. ,  tnc  next  command  should  be 
pen  up"  Then  the  coordinates  cf  the  first  data  point  snould  he  st-.v-  *rM 
repeated  about  ten  times  Th.s  is  to  allow  the  pen  time  to  oe  positioned 
in  the  proper  place  for  the  first  point  before  actually  heftinning  the  nlot 
Then  should  follow  the  command  "Pen  Down",  the  first  data  point  repeated 
onco  more,  and  the  successive  data  points  m  turn 

The  maximum  efficiency  on  the  plotter  is  achieved  by  plotting  at  hign 
speed  However,  in  oruer  to  plot  accurately  at  high  speeds,  the  points  to  be 
plotted  must  be  close  together  Accurate  high  speed  plots  can  best  be  pro¬ 
duced  when  the  vector  distance  between  consecutive  points  on  the  line  is  no 
greater  than  1/8  inch  Thus  any  line  segment  (particularly  the  sides  of  bars 
on  bai  graphs)  should  be  specified  by  a  succession  of  points  no  more  than 
1/8  inch  apart 


Continuous  Line  Plots 

Line  plots  may  be  requested  of  the  continuous  output  data  of  any  filter 
as  a  function  of  time  (or  frame  number/  Time  may  run  from  tg  thru  t^  (time 

of  last  frame)  or  over  any  specified  time  interval  The  data  types  which  may 
be  plotted  in  this  way  include  types  2  thru  5„  10  thru  13,  and  any  of  the 
incremental  data  types  18  thru  33  (Data  types  6  thru  9  ar.d  14  thru  17  are 
"last  frame  only"  data  types,  and  are  always  plotted  as  bar  graphs  of  data 
vs  .  filter  number  ) 

The  X  scale  factor  for  line  plots  is  determined  from  the  time  interval 
to  be  plotted  and  the  paper  size  used  The  Y  scale  factor  is  determined  from 
the  maximum  value  the  data  reaches  For  data  types  2  thru  5  and  10  thru  13, 
this  maximum  is  reached  ir.  the  last  frame  of  the  analysis;  for  any  of  the 
incremental  data  types  18  thru  33,  the  program  must  search  for  the  maximum 
value;  For  relative  data  (uncalibrated),  that  is,  any  of  types  2  thru  5  and 
18  thru  25,  the  data  maximum  should  be  set  equal  to  100%  of  full  scale,  and 
data  values  plotted  as  percentage  points  For  calibrated  data  there  should  be 
the  option  available  to  insert  a  uesircd  maximum  value  as  100%  full  scale,  or 
the  factor  should  be  chosen  Knowing  the  data  maximum  and  paper  size  to  be  used  so 
that  the  divisions  on  the  graph  paper  correspond  to  convenient  (even)  data  values, 

Bar  Graphs 

The  outputs  of  data  types  0  thru  •»  and  14  thru  17  will  always  be  plotted 
as  bar  graphs  In  addition,  a  bar  graph  of  any  single  frame  or  frames  of  any 
data  type  vs  filter  njmbei'f  mav  be  requested.  The  filter  interval  to  be 
graphed  may  include  all  60  filters,  or  any  bank  of  twenty  at  a  time. 

Plotting  a  bar  graph  is  more  complicated  than  plotting  a  continuous  line 
plot.  The  bars  will  be  drawn  with  the  plotter  in  "line  piot"  mode  Thus 
eac\  line  should  be  specified  by  a  succession  of  points,  no  more  than  1/3  inch 
apart,  to  maintain  high  speed  and  accuracy  on  the  plotter. 

A  convenient  shape  of  bar  graph  is  achieved  by  making  the  bars  twice  as 
wid^  as  the  spaces  between  them  This  leads  to  the  formula; 
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(N[S  ♦  BJ  -  S)  o  full  width  of  graph, 
where  N  is  the  number  of  bars  (20  or  60) 

S  is  the  width  of  a  space 
B  ■  2S  is  ths  width  of  a  bar. 


The  formula  should  be  solved  for  S  the  w-Mt-h  , 

subject  to  the  restriction  that  <;  <  ma*  ■  \  wldth  of  d  space  between  bars, 

me  restriction  that  S  s  1/4  inch,  to  maintain  a  balanced  appearance. 
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SYMBOLS  USED  IN  COMPUTATIONAL  PROCEDURE 


B  «  1,  2,  3  ■  bank  number 

J  ■  1,  2,  •*  ,  60  •  filter  number 

PSM(BJ ,  PSC(B),  PSU(B)  ■  Pot  Settings  for  Machine  correction.  Calibration, 
and  Data  for  bank  (B),  respectively  (load  card  variables) 

PFM(B),  PFC(B),  PFD(B)  ■  Pot  Factors  for  Machine  correction.  Calibration,  anu 
Data  for  bank  (B).  respectively 

V  '(J)  -  Output,  in  machine  counts,  of  la^t  frame  White  Noise  (machine) 
calibration  of  the  Jib  filter 

R(J)  -  White  Noise  correction  factor  for  Jib  filter 

BW(J)  -  Bandwidth  of  jib  filter 

K  -  Calibration  constant  computed  if  data  calibration  is  present 

p.<  -  Total  power  output  of  white  noise  generator,  used  in  computing  constant 
K  (load  card  variable) 

Tc  -  Time  duration  (seconds)  of  Calibration,  u3ed  in  computing  K  (load  card 
variable) 

0 (J)  -  Output,  in  machine  counts,  of  last  frame  white  noise  Data  calibration  of 
the  jib  filter  It  should  be  corrected  by  its  appropriate  pot  factors  and 
white  noise  (machine)  correction  factors  before  computing  K: 
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COMPUTATIONAL  PROCEDURE 


Note:  Wherever  index  B  occurs,  do  B  «  i,  2,  3, 

Wherever  index  J  occurs,  doJ  *  1,  2,  60. 

If  both  J  and  B  occur  in  a  product,  B  will  be  determined  from  the  following 

relationships: 

for  1  <  J  3  20,  B  *  1 

for  21  <  J  <  40,  B  n  2 

for  41  5  J  s  60,  B  «  3C 


1,  Compute  pot  factors 
\2 


PF  ® 


/ lY 

\PSj 


2,  Compute  white  noise  (machine)  correction  factors,  R(J): 
Lot  M(J)  »  [WN(J)j  x  (PFW(B)J 
Let  R(l)  •  1. 

R(fl  .[loC'OSJW-l)]^ 

for  2  <  J  <  60 


M 


3,  Compute  combined  correction  factor  for  each  filter,  F(J); 

F(J)  •  ?FW(B)  x  R(J) 

4,  Compute  filter  bandwidths,  BW(J): 

BW(J)  «  (1,22) 

5,  If  white  noise  (data)  calibration  is  present,  compute  constant  X 

a.  Correct  data  calibration  O(J)  from  filter 

D(J)  a  (Last  frame  calibration  value  machine  counts  of  J**1 
filter]  x  PFC(B)  x  R(J) 
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.  PN  TC  BlV'(J) 

h.  K{J)  -  (2.35849  x  10"4''  — - 

D(J) 


6,  For  each  frame  of  cata  ard  each  filter  compute  the  requesteu  data 
type.  Data  n(j,t)  where  ,1  is  the  filter  number  and  t  is  the  (time/frame 
numbc *)  index, 

7,  Prepare  requested  output  listings  and  plotter  tapes, 


41 5 


